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Abstract. A main theme of the paper is a conjecture of Bloch-Kato on the image of p- 
adic regulator maps for a proper smooth variety X over an algebraic number field k. The 
conjecture for a regulator map of particular degree and weight is related to finiteness of two 
arithmetic objects: One is the p-primary torsion part of the Chow group in codimension 2 of 
X. Another is an unramified cohomology group of X. As an application, for a regular model 
X of X over the integer ring of k, we show an injectivity result on torsion of a cycle class map 
from the Chow group in codimension 2 of SC to a new p-adic cohomology of introduced 
by the second author, which is a candidate of the conjectural etale motivic cohomology with 
finite coefficients of Beilinson-Lichtenbaum. 



1. Introduction 

Let k be an algebraic number field and let G fe be the absolute Galois group Ga\(k/k), 
where k denotes a fixed algebraic closure of k. Let X be a projective smooth variety over k 
and put X := X ®k k. Fix a prime p and integers r, m > 1. A main theme of this paper is a 
conjecture of Bloch and Kato concerning the image of the p-adic regulator map 

reg^ : CH*{X, m) ® Q p — H^k, Q p (r))) 

from Bloch's higher Chow group to continuous Galois cohomology of G fc ([BK2J, Conjecture 
5.3). See $3]below for the definition of this map in the case (r, m) = (2, 1). This conjecture 
affirms that its image agrees with the subspace Hg(k, if ? t r ~ m_1 (X, Q p (r))) defined in loc. 
cit., and plays a crucial role in the so-called Tamagawa number conjecture on special values 
of L-functions attached to X. In terms of Galois representations, the conjecture means that a 
1-extension of continuous p-adic representations of 

H 2 £- m -\X, Q p (r)) — > E — > Q p — > 

arises from a 1-extension of motives over k 

— ► fp-n-^XXr) — > M — > h{Spec{k)) — ► 0, 

if and only if E is a de Rham representation of There has been only very few known 
results on the conjecture. In this paper we consider the following condition, which is the 
Bloch-Kato conjecture in the special case (r, m) = (2, 1): 
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HI: The image of the regulator map 

reg := reg 2 ' 1 : CH 2 (X, 1) <g> Q, 
agrees with H](k, Hl(X, Q P (2))). 

We also consider a variant: 

HI*: The image of the regulator map with Q p /Z p -coefficients 

reg Qp/Zp : CH 2 (X, 1) ® Q p /Z p — H^k, H 2 6t (X, Q p /Z p (2))) 
agrees with Hg(k, H? t (X, Q p /Z p (2)))Di v (see §2. 7 [ for the definition of this group). 

We will show that HI always implies HI*, which is not straight-forward. On the other hand 
the converse holds as well under some assumptions. See Remark [3.2.41 below for details. 

Fact 1.1. The condition HI holds in the following cases: 

(1) H 2 (X, 6 X ) = ( rfCTRTll . HCTR21 . |55H). 

(2) X is the self-product of an elliptic curve over k = Q with square-free conductor and 
without complex multiplication, andp > 5 (LMd], HLS1I . ULalU ). 

(3) X is the elliptic modular surface of level 4 over k = Q andp > 5 ( HLa2H ). 

(4) X is a Fermat quartic surface over k = Qor Q(\/— T) andp > 5 ( flOll ). 

A main result of this paper relates the condition HI* to finiteness of two arithmetic objects. 
One is the p-primary torsion part of the Chow group CH 2 (X) of algebraic cycles of codi- 
mension two on X modulo rational equivalence. Another is an unramified cohomology of 
X, which we are going to introduce in what follows. 

Let Ofc be the integer ring of k, and put S := Spec(Ofc). We assume that there exists a 
regular scheme 2£ which is proper flat of finite type over S and whose generic fiber is X. 
We also assume the following: 

(*) S£ has good or semistable reduction at each closed point ofS of characteristic p. 
Let K = k(X) be the function field of X. For an integer q > 0, let ^ q be the set of all points 
x E 3£ of codimension q. Fix an integer n > 0. Roughly speaking, the unramified cohomol- 
ogy group H^ +1 (K,Q P /Z p (n)) is defined as the subgroup of Hg +1 (Spec(K), Q p /Z p (n)) 
consisting of those elements that are "unramified" along all y £ JT 1 . For a precise defini- 
tion, we need the p-adic etale Tate twist % r (n) = % r (n) % introduced in [SHJ. This object is 
defined in D b (^ t , Z/p r Z), the derived category of bounded complexes of etale sheaves of 
Z/p r Z-modules on SC , and expected to coincide with T{2)f t ® L Z/p r Z. Here T(2)^ de- 
notes the conjectural etale motivic complex of Beilinson-Lichtenbaum [Be], ULilll . We note 
that the restriction of T r (n) to S£\p~ l \ := ®% Z\p~ l \ is isomorphic to /i®", where ji p r 
denotes the etale sheaf of p r th roots of unity. Then i7" r +1 (i\", Q p /Z p (n)) is defined as the 
kernel of the boundary map of etale cohomology groups 

Hg +1 (Spec(K),Q p /Z p (n)) — ^ +2 (Spec(^), ^(n)), 

where Too(n) denotes lim r >i T r (n). There are natural isomorphisms 

H^(K, Q p /Z p (0)) ~ Hi(&, Q p /Z p ) and H 2 m (K, Q p /Z p (l)) ~ Br(JT) p . tors , 
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where Br( JT) denotes the Grothendieck-Brauer group f/f t ( JT, G m ), and for an abelian group 
M, M p . tors denotes its p-primary torsion part. An intriguing question is as to whether the 
group H^ l {K 1 Q p /Z p (n)) is finite, which is related to several significant theorems and 
conjectures in arithmetic geometry (see Remark 14.2.101 below). In this paper we are con- 
cerned with the case n = 2. A crucial role will be played by the following subgroup of 
H 3 m (K, Q P /Z P (2)): 

H 3 m (K,X;Q p /Z p (2)) 



:= lm\H&(X, Q p /Z p (2)) - i4(Spec(#), Q p /Z p (2)) j n H^(K, Q p /Z p (2)). 
Our finiteness result is the following: 

Theorem 1.2. Let X and 3£ be as above, and assume p > 5. Then: 

(1) HI* implies that CH 2 (X) p . tors and H 3 r (K, X; Q p /Z p (2)) are finite. 

(2) Assume that the reduced part of every closed fiber of 2£ / ' S has simple normal cross- 
ings on ' , and that the Tate conjecture holds in codimension 1 for the irreducible 
components of those fibers. Then the finiteness of the groups CH 2 (X) p . t0 rs and 
H 3 r (K, X; Q p /Z p (2)) implies HI*. 

The assertion (2) is a converse of (1) under the assumption of the Tate conjecture. We obtain 
the following result from Theorem 1 1.21 (1) (see also the proof of Theorem 1 1.51 in §5.1l below): 

Corollary 1.3. H 3 r (K, X; Q p /Z p (2)) is finite in the four cases in Fact \l.l\ 

We will also prove variants of Theorem l 1 .2l over local integer rings (see Theorems B.l. Ul5T .11 
and !7.1.ll below). As for the finiteness of H 3 T (K, Q p /Z p (2)) over local integer rings, Spiess 
proved that H^ a .(K,Q p /Z p (2)) = 0, assuming that Ok is an £-adic local integer ring with 
£ 7^ p and that either H 2 (X, G x ) = or S£ is a product of two smooth elliptic curves over S 
([Spi], §4). In [SSaJ, the authors extended his vanishing result to a more general situation that 



0^ is £-adic local with £ ^ p and that has generalized semistable reduction. Finally we 
have to remark that there exists a smooth projective surface X with p g (X) ^ over a local 
field k for which the condition HI* does not hold and such that CH 2 (X) tors is infinite [AS J. 

We next explain an application of the above finiteness result to a cycle class map of arith- 
metic schemes. Let us recall the following fact due to Colliot-Thelene, Sansuc, Soule and 
Gros: 

Fact 1.4 ([CTSSj, llGrll ). Let X be a proper smooth variety over a finite field of characteristic 
£ > 0. Let p be a prime number, which may be the same as £. Then the cycle class map 
restricted to the p-primary torsion part 

CH 2 (X) p . tors — Hi(X,Z/p r Z(2)) 

is injective for a sufficiently large r > 0. If £ ^ p, then Z/p r Z(2) denotes n®?. If £ = p, then 
Z/p r Z(2) denotes W£f^ log [— 2] with W r VL 2 xlog the etale sub sheaf of the logarithmic part of 
the Hodge-Witt sheaf W r tt 2 x M)- 

In this paper, we study an arithmetic variant of this fact. We expect that a similar result holds 
for proper regular arithmetic schemes, i.e., regular schemes which are proper flat of finite 
type over the integer ring of a number field or a local field. To be more precise, let k, X 
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and 3£ be as in Theorem ll.2l The p-adic etale Tate twist T r (2) = T r (2)^r mentioned before 
replaces Z/p r Z(2) in Fact ll.4[ and there is a cycle class map 

g 2 r :CK 2 (^)/p r — * H*(X,<Sr(2)). 

We are concerned with the induced map 

£?p-tors,r : (^Op-tors > Hg t ( JT, T r (2)) . 

It is shown in JSH] that the group on the right hand side is finite. So the injectivity of this 
map is closely related with the finiteness of CH 2 (^T) p . toI . s . The second main result of this 
paper concerns the injectivity of this map: 

Theorem 1.5 (©. Assume that H 2 (X, G x ) = 0. Then CH 2 ( ,T) P 

-tors is finite and f?p_t orS)r is 

injective for a sufficiently large r > 0. 

The finiteness of CH 2 (J?f ) p _ tors in this theorem is originally due to Salberger USaW . Colliot- 
Thelene and Raskind [CTR1J, [CTR2J. Note that there exists a projective smooth surface V 
over a number field with H 2 (V, 6y) = whose torsion cycle class map 

CH 2 (\/) p . tors ^^(\/,^ 2 ) 

is not injective for some bad prime p and any r > 1 llSul (cf. llPSlO . Our result suggests that we 
are able to recover the injectivity of torsion cycle class maps by considering a proper regular 
model of V over the ring of integers in k. The fundamental ideas of Theorem II .51 are the 
following. A crucial point of the proof of Fact [L~4~l in [CTSSJ and [GrJ is Deligne's proof of the 
Weil conjecture [De2J. In the arithmetic situation, the role of the Weil conjecture is replaced 
by the condition HI, which implies the finiteness of CH 2 (X) p . to rs and H^ T (K, X; Q p /Z p (2)) 
by Theorem II .21 (1). The injectivity result in Theorem 1 1.51 is derived from the finiteness of 
those objects. 

This paper is organized as follows. In $2l we will review some fundamental facts on Ga- 
lois cohomology groups and Selmer groups which will be used frequently in this paper. In 
$3l we will prove the finiteness of CH 2 (X) p . tors in Theorem II .21 (1). In £jH we will review 
p-adic etale Tate twists briefly and then provide some fundamental lemmas on cycle class 
maps and unramified cohomology groups. In $51 we will first reduce Theorem 1 1.51 to The- 
orem ll.2l (l). and then reduce the finiteness of H^ T (K, X; Q p /Z p (2)) in Theorem II .21 (1) to 
Key Lemma IS .4. 11 In $6l we will prove that key lemma, which will complete the proof of 
Theorem 11.21 (1). $7] will be devoted to the proof of Theorem 11.21 (2). In the appendix A, 
we will include an observation that the finiteness of H^ T (K, Q p /Z p (2)) is deduced from the 
Beilinson-Lichtenbaum conjectures on motivic complexes. 
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great hospitality. The authors also express their gratitude to Professors Wayne Raskind, 
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Notation 

\T\6. For an abelian group M and a positive integer n, let n M and M/n be the kernel and the 

cokernel of the map M ^> M, respectively. See §2.31 below for other notation for abelian 
groups. For a field k, let k be a fixed separable closure, and let be the absolute Galois 
group Gal(k/k). For a discrete Gu -module M, let H*(k,M) be the Galois cohomology 
groups Hq^Gis, M), which is the same as the etale cohomology groups of Spec(A;) with 
coefficients in the etale sheaf associated with M. 

[Q7. Unless indicated otherwise, all cohomology groups of schemes are taken over the etale 
topology. For a scheme X, an etale sheaf & on X (or more generally an object in the 
derived category of sheaves on X &t ) and a point x E X, we often write H*(X,JP) for 
H*(Spec(€? x ,x), For a pure-dimensional scheme X and a non-negative integer q, let 
X q be the set of all points on X of codimension q. For a point x E X, let k(x) be its residue 
field. For an integer n > and a noetherian excellent scheme X, CH n (X) denotes the Chow 
group of algebraic cycles on X of dimension n modulo rational equivalence. If X is pure- 
dimensional and regular, we will often write CH dim(x) ~ n (X) for this group. For an integral 
scheme X of finite type over Spec(Q), Spec(Z) or Spec(Z £ ), we define CH 2 (X, 1) as the 
cohomology group, at the middle, of the Gersten complex of Milnor /^-groups 

K^{L) — > «(„)* -^0Z, 

yeX 1 x£X 2 

where L denotes the function field of X. As is well-known, this group coincides with a higher 
Chow group ( HB13L HLe210 by the localization theory OlBBL ULellO and the Nesterenko-Suslin 
theorem [|NSl (cf. fljbl). 

[T|8. In we will work under the following setting. Let k be an algebraic number field 

or its completion at a finite place. Let be the integer ring of k and put S := Spec(Ofc). Let 
p be a prime number, and let 2£ be a regular scheme which is proper flat of finite type over 
S and satisfies the following condition: 

Ifp is not invertible on SC , then 2£ has good or semistable reduction at each 
closed point of S of characteristic p. 

Let K be the function field of SC. We define H^(K, Q p /Z p (2)) and H^(K, X; Q p /Z p (2)) 
in the same way as in the introduction: 

^ u 3 r (X,Q p /Z p (2)) := Ker {h\K, Q p /Z p (2)) — . ye ^ ^(^,^(2))) , 
H 3 ur (K,X;Q p /Z p (2)) 

:= Im(/7 3 (X, Q p /Z p (2)) -> if 3 (X, Q p /Z p (2))) n if 3 r (X, Q P /Z P (2)), 

where Xoo(n) denotes lim r >i X r (n). If k is an algebraic number field, then this setting is the 
same as that in the introduction. 

\T\9. Let k be an algebraic number field, and let SC — > S = Spec(Ojt) be as in [Tj8. In this 
situation, we will often use the following notation. For a closed point v E S, let o„ (resp. k v ) 
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be the completion of (resp. k) at v, and let F„ be the residue field of k v . We put 

and write j v : X v <— > SC V (resp. i v : Y v =5^) for the natural open (resp. closed) immersion. 
We put Y v :=Y V x ¥v ¥ v , and write E for the set of all closed point on S of characteristic p. 

CD 10. Let k be an £-adic local field with £ a prime number, and let ^ — > 5 = Spec(Ofc) be as 
in[U8. In this situation, we will often use the following notation. Let F be the residue field of 
k and put 

X:=%® 0k k, Y:=3£® 0k W. 

We write j : X <— > (resp. % : Y <^-> i?f ) for the natural open (resp. closed) immersion. Let 
fc ur be the maximal unramified extension of k, and let o ur be its integer ring. We put 

5£ m := % ® 0k o ur , X UI := X ® 0k k uv , Y := Y x F F. 
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In this section, we provide some preliminary lemmas which will be frequently used in this 
paper. Let k be an algebraic number field (global field) or its completion at a finite place 
(local field). Let be the integer ring of k, and put S := Spec(Ofc) . Let p be a prime number. 
If k is global, we often write E for the set of the closed points on S of characteristic p. 

2.1. Selmer group. Let X be a proper smooth variety over Spec(fc), and put X := X ® k k. 
If k is global, we fix a non-empty open subset U C S \ S for which there exists a proper 
smooth morphism 3^u ~~ * U with ^ Uo Xu k c± X . For v £ S 1 , let k v and be as in the 
notation[U9. In this section we are concerned with G^-modules 

V := W(X, Q p (n)) and A := H*(X, Q p /Z p (n)). 

For M — V or A and a non-empty open subset U C Uq, let H*(U,M) denote the etale 
cohomology groups with coefficients in the smooth sheaf on U& associated to M. 

Definition 2.1.1. (1) Assume that k is local. Let Hj(k, V) and Hg(k, V) be as defined in 
[BK2l, (3.7). For * £ {/, g}, we define 

Hl(k, A) := lm(Hl(k, V) — H\k, A)) . 

(2) Assume that k is global. For M £ {V, A} and a non-empty open subset U C S, we 
define the subgroup Hj u (k, M) C H^ ont (k, M) as the kernel of the natural map 

H l COQt (k,M)-^ H H l cont (k v ,M)/Hj(k v ,M)x J] Hl ont {k V) M)/Hl{k v ,M). 

vgu 1 ves\u 

IfU C Uo, we have 
H} !lf (k,M) = Kex^H\U,M) — Y[ veS \u H 1 cont (k v ,M)/H 1 g (k v ,M)y 
We define the group Hg(k, M) and Hl nd (k, M) as 

H]{k,M) := lim H} tU (k,M), H^ d (k,M) := lim H\U,M), 

UcUo ' UcUo 

where U runs through all non-empty open subsets o/Uq. These groups are indepen- 
dent of the choice ofU and 3£ Uo (cf. BEGA4H . 8.8.2.5). 

(3) Ifk is local, we define H{ nd (k, M) to be H^ ont (k, M) for M £ {V, A}. 

Note that H^ d (k, A) = H\k, A). 

2.2. p-adic point of motives. We provide a key lemma from p-adic Hodge theory which 
play crucial roles in this paper (see Theorem 12.2.11 below) . Assume that A; is a p-adic local 
field, and that there exists a regular scheme 3£ which is proper flat of finite type over S = 
Spec(Ofc) with ^® 0k k ~ X and which has semistable reduction. Let i and n be non-negative 
integers. Put 

yi ._ #i+i(x,Q p ), V\n) := V* ® Qp Q p (n), 

and 

H l+1 (%-,T< n Rj*Q p (n)) : = {lim r >a H i+ \^,r^ n R 3 ^)} ® Zp Q p , 
where j denotes the natural open immersion X ^ 3£ . There is a natural pull-back map 

a : H i+1 (%-,T< n Rj*Q p (n)) — > H i+1 (X,Q p (n)). 
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Let H l+1 ( 3C, T< r Rj*Q p (n))° be the kernel of the composite map 

a' : H i+l {^r< n Rm p {n)) H l+1 (X , Q p (n)) — (V i+1 (n)f k . 
For this group, there is a composite map 

a : r< n iy,Q p (n))° — > FW+^X, Q p {n)) — H^ ont (k, V*{n)), 

whose first arrow is induced by a. The second arrow is an edge homomorphism a Hochschild- 
Serre spectral sequence 

EY := H^ nt (k,V v (n)) =► H^pf,Q,(n))(~ i?^(X,Q p (n))). 

and F* denotes the filtration on H l+1 (X, Q p (n)) resulting from this spectral sequence. Con- 
cerning the image of a, we show the following: 

Theorem 2.2.1. Assume that p > n + 2. Then Im(a) = Hg(k, V l {n)). 

Proof. We use the following comparison theorem of log syntomic complexes and p-adic 
vanishing cycles due to Kato, Kurihara and Tsuji ([Kail, UKul . HKa2H . HTs2ID . Let Y be the 
closed fiber of JT — > S and let t : Y <^-> be the natural closed immersion. 

Theorem 2.2.2 (Kato /Kurihara /Tsuji). For integers n, r with < n < p — 2 and r > 1, 

there is a canonical isomorphism 

v . s i° g ( n ) ^ L*i*(r< n Rj*n® n ) in D\ Sfa, Z/p r Z), 
where s l ° g (n) = sJ. og (n)^,- is the log syntomic complex defined by Kato UKall (cf. HTslH ). 
Put 

H\&,s**(n)) := {lim.M ir(Jf, 4° g W)} ®z p Q P , 
and define H l+1 (2f, s l ^(n))° as the kernel of the composite map 

H i+1 (iT )S g(n)) H i+1 (2r, T< n Rj*Q p (n)) ^ (V i+1 (n)) Gk , 
where we have used the properness of over S. There is an induced map 

fj : H»\Sr, sg(n))° r<^Q p (n))° H^k, V\n)). 

On the other hand, we have the following fact ( HLa3L HNe2ll . Theorem 3.1): 

Theorem 2.2.3 (Langer/Nekovaf). Im(r/) agrees with Hg(k, V % {n)). 

By these facts, we obtain Theorem l2.2.1[ □ 

Remark 2.2.4. (1) Theorem \2.2.3\ is an extension of the p-adic point conjecture raised by 
Schneider in the good reduction case HSchH . This conjecture was proved by Langer- 
Saito ULSB in a special case and by Nekovdf UNell in the general case. 
(2) Theorem \2.2.3\ holds unconditionally on p, if we define the space H l+1 (2f, sj^(n)) 
using Tsuji' s version of log syntomic complexes y~{n) (r > 1) in HTsll . §2. 
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2.3. Elementary facts on Z p -modules. For an abelian group M, let Mow be its maximal 
divisible subgroup. For a torsion abelian group M, let Cotor(M) be the cotorsion part 
M/M Div . We say that a Z p -module M is cofinitely generated over Z p (or simply, cofinitely 
generated), if its Pontryagin dual Hom Zp (M, Q p /Z p ) is a finitely generated Z p -module. 

Lemma 2.3.1. Let O^L^M^N-^Obea short exact sequence ofL p -modules. 

(1) Assume that L, M and N are cofinitely generated. Then there is a positive integer r 
such that for any r > r we have an exact sequence of finite abelian p-groups 

0^ p rL^ p rM -> p rN -> Cotor(L) -> Cotor(M) -> Cotor(iV) -> 0. 

Consequently, taking the projective limit of this exact sequence with respect to r > r 
?/zere w an exact sequence of finitely generated l* p -modules 

-> T P (L) -> T P (M) -> T p (iV) -> Cotor(L) -> Cotor(M) -> Cotor(iV) -»■ 0, 

where for an abelian group A, T P (A) denotes its p-adic Tate module. 

(2) Assume that L is cofinitely generated up to a group of finite exponent, i.e., Ldiv is 
cofinitely generated and Cotor(L) has a finite exponent. Assume further that M 
is divisible, and that N is cofinitely generated and divisible. Then L and M are 
cofinitely generated. 

(3) Assume that L is cofinitely generated up to a group of finite exponent. Then for a divis- 
ible subgroup D C N and its inverse image D' C M, the induced map (-D')oiv — > D 
is surjective. In particular, the natural map M Div — > N Div is surjective. 

(4) IfLj) iv = A^Div = 0, then we have Mj) iv = 0. 

Proof. (1) There is a commutative diagram with exact rows 

>■ L >■ M *■ N ^0 




One obtains the assertion by applying the snake lemma to this diagram, noting Cotor(A) ~ 
A/p r for a cofinitely generated Z p -module A and a sufficiently large r > 1. 

(2) Our task is to show that Cotor(L) is finite. By a similar argument as for (1), there is an 
exact sequence for a sufficiently large r > 1 

— ► p rL — ► p rM — > p rN — ► Cotor(L) — ► 0, 

where we have used the assumptions on L and M. Hence the finiteness of Cotor(L) follows 
from the assumption that N is cofinitely generated. 

(3) We have only to show the case D = N Div . For a Z p -module A, we have 

A Div = Im (Hom Zp (Q p , A) -> A) 

by flTTJ , Lemma (4. 3. a). Since Extg p (Q p ,L) = by the assumption on L, the following 
natural map is surjective: 

Hom Zp (Q p ,M) — > Hom Zp (Q p , iV). 

By these facts, the natural map M Div — > iVoiv is surjective. 

(4) For a Z p -module A, we have 

^Div = ^ Hom Zp (Q p , A) = 
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by EEL Remark (4.7). The assertion follows from this fact and the exact sequence 

— > Hom Zp (Q p , L) — > Hom Zp (Q p , M) — > Hom Zp (Q p , AT) 
This completes the proof of the lemma. □ 

2.4. Divisible part of H 1 (k, A). Let the notation be as in §2. 1 [ We prove here the following 
general lemma, which will be used frequently in §^3]-(7j 

Lemma 2.4.1. Under the notation in Definition \2.1.1\ we have 

lm(Hl nd (k, V) -> H\k, A)) = H\k, A) Div , 
lm(Hl{k,V) ^H\k,A)) = H 1 g (k,A) Biv . 

Proof. The assertion is clear if k is local. Assume that k is global. Without loss of generality 
we may assume that A is divisible. We prove only the second equality and omit the first one 
(see Remark l2A9l (2) below). Let U C S be as in g2j] We have 

(2.4.2) 1m(H} tU (k,V) -> H\U,A)) = Hj^A)^ 

for non-empty open U CU . This follows from a commutative diagram with exact rows 

- Hj^k, V) - H\U, V) Uves\u H l cont (k v , ^) 

F) )£/ (A;, A) H\U, A) U ves\u H\k v , A)/H^(k v , A) 

and the facts that Coker(a) is finite and that Ker(/3) is finitely generated over Z p . By (12.4.21) . 
the second equality of the lemma is reduced to the following assertion: 

(2.4.3) lim (Hj :U (k,A) Div ) = ( lim Hj^k, A)) ) Div . 

VCU \UCU J 

To show this equality, we will prove the following sublemma: 

Sublemma 2.4.4. For an open subset U C Uo, put 

C v := Coker (Hj Uo (k, A) - Hj v (k } A)). 

Then there exists a non-empty open subset U\ C Uq such that the quotient Cu / Cu 1 is divisible 
for any open subset U C U\. 

We first finish our proof of (12.4.31) admitting this sublemma. Let U\ C Uq be a non-empty 
open subset as in Sublemma l2.4.4l Noting that Hj u (k, A) is cofinitely generated, there is an 
exact sequence of finite groups 

Cotor (Hj ^k, A)) — > Cotor (Hj ^k, A)) — > Cotor(C c/ /C c/l ) — > 

for open U C Ui by Lemma [2.3.11 (1). By this exact sequence and Sublemma 12.4.41 the 
natural map Cotor(Hj Vi (k, A)) — > Cotoi(Hj u (k, A)) is surjective for any open U C U\, 
which implies that the inductive limit 

limCotor(F} l/ (A;,A)) 

UcUo 

is a finite group. The equality (12.4.31) follows easily from this. 
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Proof of Sublemma \2.4.4\ We need the following general fact: 

Sublemma 2.4.5. Let N = {N x } Xe A be an inductive system of cofinitely generated 7L V - 
modules indexed by a filtered set A such that Coker(iV A — > Ny) is divisible for any two 
A, A' G A with A' > A. Let L be a cofinitely generated Z p -module and {f x '■ N x — > L} Xey \ 
be 'Lp-homomorphisms compatible with the transition maps of N. Then there exists Aq G A 
such that Coker(Ker(/ Ao ) ~~ * Ker(/ A )) is divisible for any A > Aq. 

Proof of Sublemma \2.4.5\ Let f^ : — ► L be the limit of f\. The assumption on N_ 
implies that for any two A, A' G A with A' > A, the quotient Im(/ A /)/rm(/ A ) is divisible, so 
that 

(2.4.6) Cotor(Im(/x)) — > Cotor(Im(/v)) is surjective. 
By the equality In^/oo) = lim Agyl Im(/ A ), there is a short exact sequence 

__> lim (lm(/ A ) Div ) — > bnC/oo) — > lira Cotor(Im(/ A )) — > 0, 

and the last term is finite by the fact (12.4.61) and the assumption that L is cofinitely generated. 
Hence we get 

lim (lm(/ A ) Div ) = Im(/ 00 ) Div . 

Ae/l 

Since lm(foo)mv has finite corank, there exists an element \ E A such that Im(/ A ) Div = 
^(/^Div f° r an y A > Aq. This fact and (|2.4.6I) imply the equality 

(2.4.7) Im(/ A ) = Im(/ Ao ) foranyA>A . 

Now let A G A satisfy A > A . Applying the snake lemma to the commutative diagram 

N Xo * N x - N x /N Xo 



/a 



fx 



>■ L 

we get an exact sequence 

Ker(/ Ao ) — Ker(/ Ao ) - 



Coker(/. 



Coker(/ A 



□ 



-> N x /N Xo - 

which proves Sublemma l2.4.5[ beucase N x /N Xo is divisible by assumption. 

We now turn to the proof of Sublemma 12.4.41 For non-empty open U C Uq, there is a 
commutative diagram with exact rows 



H\U ,A) 



H\U,A) 



A(-1) G ^ 

v&U \U 



H 2 (Uo,A) 



ru 







Hj g (k v ,A) — > H) a (k v ,A) 



v£S\U 

where we put 



veS\U 



e Hj 9 (k v ,A) 



v£U \U 



Hj g (k v ,A) := H\k v ,A)/Hl(k v ,A) 
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for simplicity. The upper row is obtained from a localization exact sequence of etale coho- 
mology groups and the isomorphism 

H*(U , A) ~ H\k v , A)/H 1 (¥ v , A) ~ A(-lf^ for veU \U, 

where we have used the fact that the action of on A is unramified at v E U . The map 
au is obtained from the facts that Hg(k v , A) = H l {k v , A)r> iv ifv&'E and that H 1 (F V , A) is 
divisible (recall that A is assumed to be divisible). It gives 

(2.4.8) KerK)= (A(-1) G ^) Div . 

veu \u 

Now let 01/ be the composite map 

<Pu : Ker(au) ^ A(—\) Gwv -^>H 2 (U ,A), 

v£U \U 

and let 

ipu : Ker(0 c/ ) — ► Coker(r Uo ) 
be the map induced by the above diagram. Note that 

C v ~ Ker('0[/), since ifi^A^A) = Ker(r{/). 

By (12.4.81) . the inductive system {Ker(a[/)}t/ c ;7 and the maps {4>u}ucu satisfy the as- 
sumptions in Sublemma 12.4.51 Hence there exists a non-empty open subset U' C U such 
that Ker(0[/)/Ker(0 l //) is divisible for any open U C U' . Then applying Sublemma 12.4.51 
again to the inductive system {Kei((j)u)}ucU' an d the maps {ipu}ucu', we conclude that 
there exists a non-empty open subset U\ C U' such that the quotient 

Ker(^)/Ker(^J = Cu/C Vl 

is divisible for any open subset U C U\. This completes the proof of Sublemma 12.4.41 and 
Lemma [ZHD □ 

Remark 2.4.9. (1) By the argument after Sublemma \2.4.4\ Cotor(Hg(k, A)) is finite. 
(2) One obtains the first equality in Lemma \2.4.1\ by replacing the local terms Hj g (k v , A) 
in the above diagram with Cotor(i/ 1 (A; t; , A)). 

2.5. Cotorsion part of i? 1 (fc, A). Assume that k is global, and let the notation be as in 
§2.11 We investigate here the boundary map 

5 Uo :H\k,A)^ A(-lf^ 

arising from the localization theory in etale topology and the purity for discrete valuation 
rings. Concerning this map, we prove the following standard lemma, which will be used in 
our proof of Theorem 1 1.2[ 

Lemma 2.5.1. (1) The map 

5 l/0 , Div :i/ 1 (fc,A) Div ^ (A(-l) G ^) Div 

induced by 5jj has cofinitely generated cokernel. 
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(2) The map 

8 UthCotOT :Cotor{H\k,A))^ Cotor(A(-l) G ^) 

veiUo) 1 

induced by 5jj has finite kernel and cofinitely generated cokernel. 

We have nothing to say about the finiteness of the cokernel of these maps. 

Proof. For a non-empty open U C Uq, there is a commutative diagram of cofinitely generated 
Zp-modules 

H\U , A) H\U, A) au : veUo \u A(-1) G *« 2 (f/ , A), 

where the lower row is obtained from the localization theory in etale cohomology and the 
purity for discrete valuation rings, and ju is induced by au- Let 

fu :Cotov(H 1 (U,A)) — ► Cotor(A(-l) G ^) 

v£U \U 

be the map induced by au- By a diagram chase, we obtain an exact sequence 

Ker(fu) — > Coker( 7{/ ) — ► Coker(au) — > Coker(/ C7 ) — > 0. 

Taking the inductive limit with respect to all non-empty open subsets U C Uq, we obtain an 
exact sequence 

Ker(5 c/0)Cotor ) — > Coker(5 [/o>Div ) — > lim Coker(a C7 ) — > Coker(^ 0)Cotor ) — > 0, 

UcUo 

where we have used Lemma l2.4.1l to obtain the equalities Ker(<5;y 0i cotor) = lim ucu Ker(/j/) 
and Coker(<5[/ 0i Div) = hm^cc/ Coker(7f/). Since limucu Coker(«[/) is a subgroup of 
H 2 (Uo, A), it is cofinitely generated. Hence the assertions in Lemma [2.5. II are reduced to 
showing that Ker(5j/ ,Cotor) is finite. We prove this finiteness assertion. The lower row of the 
above diagram yields exact sequences 

(2.5.2) Cotor(F 1 (f/ , A)) — ► Cotor(if 1 (f/, A)) — ► Cotor(Im(a {/ )) — ► 0, 

(2.5.3) T p (Jm(J3u)) — ► Cotor(Im(o; [/ )) — ► Cotor(A(-l) GF «) , 

veU \U 

where the second exact sequence arises from the short exact sequence 

— ► lm(au) — > A(-l) Gv " — > lm(pu) — > 

veu \u 

(cf. Lemma 12.3.11 (1)). Taking the inductive limit of (|2.5.2I) with respect to all non-empty 
open U C Uq, we obtain the finiteness of the kernel of the map 

Gotoi(H 1 (k, A)) — ► lim Cotor(Im {au))- 

ucu a 
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Taking the inductive limit of (12.5.31) with respect to all non-empty open U C Uq, we see that 
the kernel of the map 

lim Cotor(Im(a £/ )) — > Cotor(A(-l) GF -), 
is finite, because we have 

lim T p (lm(/3u)) C T P (H 2 (U ,A)) 
ucu 

and the group on the right hand side is a finitely generated Z p -module. Thus Ker(5[/ 0j c o tor) is 
finite and we obtain Lemma l2.5.1l □ 



2.6. Local-global principle. Let the notation be as in §2.11 If k is local, then the Galois 
cohomological dimension cd(k) is 2 (cf. llSel . II.4.3). In the case that k is global, we have 
cd(k) = 2 either if p > 3 or if k is totally imaginary. Otherwise, H q (k, A) is finite 2-torsion 
for q > 3 (cf. loc. cit, II.4.4, Proposition 13, II. 6. 3, Theorem B). As for the second Galois 
cohomology groups, the following local-global principle due to Jannsen ([|J2l, §4, Theorem 
4) plays a fundamental role in this paper (see also loc. cit., §7, Corollary 7): 

Theorem 2.6.1 (Jannsen). Assume that k is global and that i ^ 2(n — 1). Let P be the set 

of all places ofk. Then the map 

H 2 (k,H%X,Q p /Z p (n))) — F 2 (^,^(X,Q P /Z p (n))) 

has finite kernel and cokernel, and the map 

H 2 (k,H\X,Q p /Z p (n)) Div ) — # 2 (^,iT(X,Q p /Z>)) Div ) 

is bijective. 

We apply these facts to the filtration F* on H*(X, Q p /Z p (n)) resulting from the Hochschild- 
Serre spectral sequence 

(2.6.2) EY = H u (k, H V (X, Q p /Z p (n))) H U+V (X, Q p /Z p (n)). 

Corollary 2.6.3. Assume that k is global and that i ^ In. Then: 

(1) F 2 H\X, Q p /Z p (n)) Div is cofinitely generated and Cotor(F 2 if*(X, Q p /Z p (n))) has 
a finite exponent. 

(2) For v G P, put X v := X ®^ k v . Then the natural maps 

F 2 H\X,Q p /Z p (n)) — F 2 H\X V ,Q P /Z p (n)), 

vep 

F 2 W(X,Q p /Z p (n)) Div — > F 2 H l (X v ,Q p /Z p (n)) Div 

vep 

have finite kernel and cokernel (and the second map is surjective). 
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Proof. Let Ok be the integer ring of k, and put S := Spec(Ofc). Note that the set of all finite 
places of k agrees with S 1 . 

(1) The group H 2 (k v , H l ~ 2 (X, Q p /Z p (n))v lv ) is divisible and cofinitely generated for any 
v E S 1 , and it is zero if p )fv and X has good reduction at v, by the local Poitou-Tate duality 
flSell . II.5.2, Theoreme 2 and Deligne's proof of the Weil conjecture [De2J (see HSat2H . Lemma 
2.4 for details). The assertion follows from this fact and Theorem l2.6.1l 

(2) We prove the assertion only for the first map. The assertion for the second map is 
similar and left to the reader. For simplicity, we assume that 

(tO V > 3 or k is totally imaginary. 
Otherwise one can check the assertion by repeating the same arguments as below in the 
category of abelian groups modulo finite abelian groups. By (jj), we have cd p (A;) = 2 and 
there is a commutative diagram 

H 2 (k,H*- 2 (X,Q p /Z p (n))) *© weff i H 2 (k v ,H l - 2 (X,Q p /Z p (n))) 



F 2 H l (X,Q p /Z p (n)) F 2 H%X V ,Q P /Z p (n)), 

where the vertical arrows are edge homomorphisms of Hochschild-Serre spectral sequences 
and these arrows are surjective. Since 

H 2 (k v , H l ~ 2 (X, Q p /Z p (n))) = for archimedean places v 

by ((J), the top horizontal arrow has finite kernel and cokernel by Theorem 12.6.11 Hence 
it is enough to show that the right vertical arrow has finite kernel. For any v E S 1 , the v- 
component of this map has finite kernel by Deligne's criterion UDell (see also HSat2H . Remark 
1.2). If v is prime to p and X has good reduction at v, then the w-component is injective. 
Indeed, there is an exact sequence resulting from a Hochschild-Serre spectral sequence and 
the fact that cd (k v ) = 2: 

W-\X v ,q P l^ P {n)) H l -\X,%/Z p {n))) G ^ 

— > H 2 (k v ,H l ~ 2 (X,Q p /Z p (n))) — > F 2 H\X V ,%/Z p {n)). 
The edge homomorphism d is surjective by the commutative square 

IP-\Y V , Q P /Z p (n)) W-\Y V , Q p /Z p (n))) G ^ 

i 

H i ~ 1 (X v , Q p /Z p (n)) H^iX, Q p /Z p (n))) G ^ . 

Here Y v denotes the reduction of X at v and Y v denotes Y v ®f„ F v . The left (resp. right) 
vertical arrow arises from the proper base change theorem (resp. proper smooth base change 
theorem), and the top horizontal arrow is surjective by the fact that cd(F„) = 1. Thus we 
obtain the assertion. □ 
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3. FlNITENESS OF TORSION IN A CHOW GROUP 

3.1. Finiteness of CH 2 (X) p _ tors . Let k, S, p and £ be as in the beginning of $2l and let X 
be a proper smooth geometrically integral variety over Spec(fc). We introduce the following 
technical condition: 

HO: The group H%.(X, Q P (2)) Gfc is trivial. 

If k is global, HO always holds by Deligne's proof of the Weil conjecture HDe2H . When k is 
local, HO holds if dim(X) = 2 or if X has good reduction (cf. [CTR2J, §6); it is in general 
a consequence of the monodromy-weight conjecture. The purpose of this section is to show 
the following result, which is a generalization of a result of Langer HLa4l . Proposition 3 and 
implies the finiteness assertion on CH 2 (X) p _ tors in Theorem 1 1.21 (1): 

Theorem 3.1.1. Assume HO, HI* and either p > 5 or the equality 

H}{k, H 2 (X, Q p /Z p (2))) Div = H\k, H 2 (X, Q p /Z p (2))) Div . 
Then CH 2 (X) p _ tors is finite. 

Remark 3.1.2. (1) (Q holds ifH 2 (X, G x ) = or ifk is i-adic local with £ ^ p. 

(2) Crucial facts to this theorem are Lemmas \3.2.2\ \3.3.5\ and 13.5.21 below. The short 
exact sequence in Lemma l3.2.2\ is an important consequence of the Merkur 'ev-Suslin 
theorem HMSi 

3.2. Regulator map. We recall here the definition of the regulator maps 
(3.2.1) reg^:CH 2 (X,l)®/l > H^k, H 2 (X, A(2))) 

with A = Q p or Q p /Z p , assuming HO. The general framework on etale Chern class maps and 
regulator maps is due to Soule HSolH . HSo2H . We include here a more elementary construction 
of regyj, which will be useful in this paper. Let K :— k{X) be the function field of X . Take 
an open subset U C S \ £ = Sty" 1 ] and a smooth proper scheme & Uo over U satisfying 
&u x u Spec(/c) ~ X. For an open subset U C U , put S£ v := 3£ Uo x Uo U and define 

N l H\^ v ^f) := Ker(# 3 (^,^ 2 ) - H\K^f)). 

Lemma 3.2.2. For an open subset U C Uq, there is an exact sequence 

— > CH 2 (^, 1)/P r — > N l H*{S£ Vl nf) — > prCH. 2 (%u) — > 

See $7J 7 for the definition q/"CH 2 (^j, 1). 

Proof. The following argument is due to Bloch [Bl], Lecture 5. We recall it for the conve- 
nience of the reader. There is a localization spectral sequence 

(3.2.3) E% v = H^i^fi^^H^i^u,^ 2 ). 

By the relative smooth purity, there is an isomorphism 
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which implies that N l H z (3£u, /z pr 2 ) is isomorphic to the cohomology of the Bloch-Ogus 
complex 

H\K^f)-^ H\y^ p r)^ Z/pTZ. 
By the Merkur'ev-Suslin theorem [MSJ, this complex is isomorphic to the Gersten complex 

K M {K)/p r^ k { y y/f^ z/fz. 

On the other hand, there is an exact sequence obtained by a diagram chase 

— ► CH 2 (^/, 1) <g> Z/p r Z — ► Ctt 2 (3?u, 1; Z//Z) — ► p rCH 2 ( J^) — ► 0. 

Here CH 2 (J?f(/, l;Z/p r Z) denotes the cohomology of the above Gersten complex and it is 
isomorphic to A^ 1 f/" 3 (^T{/, /x p r 2 ). Thus we obtain the lemma. □ 

Put 

M* := H q (X, A(2)) with yl e {Q p , Q p /Z p }. 

For an open subset U <zUq let H*(U, M q ) be the etale cohomology with coefficients in the 
smooth sheaf associated with M q . There is a Leray spectral sequence 

E u,v = M vj ^ H u+V {%~u, A{2)). 

By Lemma |3.2.2[ there is a natural map 

Cn 2 (^u, 1) <g> vl — > if 3 ( JTt/, A(2)). 

3 

Noting that £7 2 ' is zero or finite by HO, we define the map 

reg^ : CH 2 (^, 1) ® A — ^(C/, M 2 ) 

as the composite of the above map with an edge homomorphism of the Leray spectral se- 
quence. Finally we define reg^ in (|3.2.1I) by passing to the limit over all non-empty open 
U C Uq. Our construction of reg^ does not depend on the choice of Uq or J^/ . 

Remark 3.2.4. By Lemma \2.4.1\ HI always implies HI*. If k is local, HI* conversely 
implies HI. As for the case that k is global, one can check that HI* implies HI, assuming 
that the group Ker(CH 2 (^x/ ) — > CH 2 (X)) is finitely generated up to torsion and that the 
Tate conjecture for divisors holds for almost all closed fibers of ^u /Uq. 

3.3. Proof of Theorem l3.1.1l We start the proof of Theorem [3TTTJ which will be completed 
in §3.5l below. By Lemma |3.2.2[ there is an exact sequence 

(3.3.1) — CH 2 (X, 1) ® Q p /Z p ^ N X H\X, Q p /Z p (2)) — > CH 2 (X) p . tors — > 0, 
where we put 

N l H\X, Q p /Z p (2)) := Ker(# 3 (X,Q p /Z p (2)) - H 3 (K, Q p /Z p (2))). 
In view of (13.3.11) . Theorem l3.1.1l is reduced to the following two propositions: 

Proposition 3.3.2. (1) If k is local, then CH 2 (X) p . tors is cofinitely generated over Z p . 
(2) Assume that k is global, and that Coker (regQ / z ) Di v is cofinitely generated over Z p . 
Then CH 2 (X) p . tors is cofinitely generated over Z p . 
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Proposition 3.3.3. Assume HO, HI* and either p > 5 or (J*^j). Then we have 

Im(0)=AW(X,Q p /Z p (2)) Div . 

We will prove Proposition l3.3.2l in §3 .41 below, and Proposition l3.3.3l in §3.5l below. 

Remark 3.3.4. (1) If k is local, then H 3 (X,Q p /'Z p (2)) is cofinitely generated. Hence 
Proposition \3. 3. 21 ( 1 ) immediately follows from the exact sequence (13.3.11) . 
(2) When k is global, then H\k, A) Div / Hf(k, A) Div with A := H 2 (X, Q p /Z p (2)) is 
cofinitely generated by Lemma \2.4.1\ Hence HI* implies the second assumption of 
Proposition \3.3.2\ (2). 

Let F* be the filtration on H*(X, Q p /Z p (2)) resulting from the Hochschild-Serre spectral 
sequence (|2.6.2I) . The following fact due to Salberger ( USall . Main Lemma 3.9) will play key 
roles in our proof of the above two propositions: 

Lemma 3.3.5 (Salberger). The following group has a finite exponent: 

N l H 3 (X, Q p /Z p (2)) n F 2 H 3 (X, Q p /Z p (2)). 
3.4. Proof of Proposition |332l For (1), see Remark|333(l). We prove (2). Put 

H 3 := H 3 (X, Qp/Zp(2)) and r : = 0(CH 2 (X, 1) <g> Q p /Z p ) C H 3 

(cf. (13.3.11) ). Let F* be the filtration on H 3 resulting from the spectral sequence sequence 
(12321) . and put N^ 3 := N l H 3 (X, Q p /Z p (2)). We have r C (F 1 if 3 ) Div = (H 3 ) Div by HO, 
and there is a filtration on H 3 

C r + (F 2 H 3 ) Div C (F x iJ 3 ) Div C # 3 . 

By EB , the inclusion iV 1 ^ 3 C H 3 induces an inclusion CH 2 (X) p _ tors C H 3 /T. We show 
that the image of this inclusion is cofinitely generated, using the above filtration on H 3 . It 
suffices to show the following lemma: 

Lemma 3.4.1. (1) The kernel o/CH 2 (X) p . tors -> H 3 /(r + (F 2 H 3 ) Div ) is finite. 

(2) The image o/CH 2 (X) p . tors -> if 3 /(F 1 J H" 3 ) Div ij^ite. 

(3) Pa?M := (F 1 # 3 ) Div /(r+ (F 2 # 3 ) Div ). Then the assumption of Proposition\3Jl\(2) 
implies that M is cofinitely generated. 

Proof. (1) There is an exact sequence 

o _ (tfifr 3 n (F 2 H 3 ) Div )/(r n (F 2 H 3 ) Div ) -> CH 2 (x) p . tors - # 3 /(r + (F 2 H 3 ) Div ). 

Hence (1) follows from Lemma [3 .3 .51 and Corollary 12.6.31 (1). 

(2) Let [To and — * De as i n §3.21 For non-empty open Z7 C C/ , there is a commu- 
tative diagram up to a sign 

N X H\5£ V , Q„/Zp(2)) CH 2 (^) ® Z p 

# 3 (^£/, Q„/Zp(2)) # 4 (^, Zp(2)) 

by the same argument as for [CTSS], §1, Proposition 1. Here the top arrow is the composite of 
N l H 3 (^u, Q p /Z p (2)) -> CH 2 (^/) p . tors (cf. Lemma[3X2l) with the natural inclusion. The 
bottom arrow is a Bockstein map and the right vertical arrow is the cycle class map of Sty. 
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Taking the inductive limit with respect to all non-empty U C we obtain a commutative 
diagram (up to a sign) 

N i H 3 ^ CH 2 (X) ® Z p 

£>ind 

H 3 ^ nd (X,Z p (2)), 

where H^ nd (X, Z p (2)) is defined as the inductive limit of H 4 (^' u ,Z p (2)) with respect to 
U C U Q . Now this diagram yields a commutative diagram (up to a sign) 

CH 2 (X) p . tors CH 2 (X) ® Z p 

£ cont 

iJ 3 /(F^ 3 ) Div <— * tf c 4 ont (X, Z p (2)), 

where if* ont (X, Z p (2)) denotes the continuous etale cohomology [QT| and the bottom arrow 
is injective by HO and loc. cit, Theorem (5.14). The image of g cont is finitely generated over 
Zp by EH, Theorem (4-4). This proves (2). 
(3) We put 

N := (F x ^ 3 ) Div /{r + (F 2 H 3 n (l^W)} = Coker(reg Qp/Zp ) Div , 
which is cofinitely generated by assumption. There is an exact sequence 

(F 2 H 3 n (F 1 F 3 ) Div )/(F 2 F 3 ) Div — > M — > iV — > 0, 

where the first group has a finite exponent by Corollary 12.6.31 (1). N is divisible and cofinitely 
generated, and M is divisible. Hence M is cofinitely generated by Lemma [2.3. 11 (2). This 
completes the proof of Lemma l3.4.1l and Proposition [3321 D 

3 .5. Proof of Proposition 13.3.31 We put 

NF 1 H 3 (X, Q p /Z p (2)) := iV^X, Q p /Z p (2)) n F^X, Q p /Z p (2)). 

Note that WH^X, Q p /Z p (2)) Div = N F^H*( X, Q p /Z p (2)) Div by HO. There is an edge 
homomorphism of the spectral sequence (12.6.21) 

(3.5.1) V = F^ 3 (X,Q P /Z P (2)) — > H 1 ^, H 2 (X, Q p /Z p (2))). 

The composite of in (|3.3.1I) and ^ agrees with regQ p / Zp . Thus by Lemma [3.3.51 we are 
reduced to the following lemma, which generalizes I1LSII . Lemma (5.7) and extends ULall . 
Lemma (3.3): 



Lemma 3.5.2. Assume either p > 5 or Then ip(NF 1 H 3 (X, Q p /Z p (2))D iv ) is contained 

m # 2 (X,Q P /Z P (2))). 



We start the proof of this lemma. The assertion is obvious under the assumption fcl Hence 



we are done if k is £-adic local with £ ^ p (cf. Remark 13.1.21 (1)). It remains to deal with the 
following two cases: 

(1) A; is p-adic local with p > 5. 

(2) k is global and p > 5. 
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Put A := H 2 (X,Q P /Z P (2)) for simplicity. We first reduce the case (2) to the case (1). 
Suppose that k is global. Then there is a commutative diagram 

NF l H\X, Q p /Z p (2)) Div H\k, A) 

Y\ veS i iVF 1 iJ 3 (X t) ,Q p /Z p (2)) Div -11^ H\k v ,A), 

where the vertical arrows are natural restriction maps. By this diagram and the definition of 
Hg(k, A), the case (2) is reduced to the case (1). We prove the case (1). We first reduce 
the problem to the case where X has semistable reduction. By the alteration theorem of de 
Jong fldJ], there exists a proper flat generically finite morphism X' — > X such that X' is 
projective smooth over k and has a proper flat regular model over the integral closure o' of 
in r(X\ &x') with semistable reduction. There is a commutative diagram 

NF'H^X, Q p /Z p (2)) Div H\k, A) H\k, A)/H l g {k, A) 

NF l H\X', Q p /Z p (2)) Div H\L, A') H\L, A')/H]{L, A'), 

where we put L := Frac(o') and A' := H 2 (X' ®l k, Q p /Z p (2)), and the vertical arrows are 
natural restriction maps. Our task is to show that the composite of the upper row is zero. 
Because X' and X are proper smooth varieties over k, the restriction map r : A — > A' has 
a quasi-section s : A' — > A with s o r = d ■ id^, where d denotes the extension degree of 
the function field of X' ®l k over that of X. Hence by the functoriality of Hjj(k, A) in A, 
the right vertical arrow in the above diagram has finite kernel, and the problem is reduced to 
showing that the composite of the lower row is zero. Thus we are reduced to the case where 
X has a proper flat regular model 9£ over S = Spec(Ofc) with semistable reduction. We 
prove this case. Let j : X <-> 2£ be the natural open immersion. There is a natural injective 
map 

a r : H\&,r< 2 Rj^f) c ^H\X^f) 

induced by the natural morphism T< 2 -Rj*/ipr 2 — > Rj^fxp 2 . By Theorem 12.2. 1[ it suffices to 
show the following two lemmas (see also Remark |3 .5 . 61 below) : 

Lemma 3.5.3. N 1 H Z (X^®?) c \m(a r ) for any r > 1. 

Lemma 3.5.4. Put 

H 3 (3T, r< 2 Rj*Q p /Z p (2)) := lim # 3 («fT, T&Rj.fjffi), and 

r>l 

# 3 (Jf,r< 2 i^Q p /Z p (2)) := Ker(# 3 (^,r< 2 i^Q p /Z p (2)) -> H 3 (X, Q p /Z p (2))). 
Then the canonical map 

H 3 (%-,t< 2 RjM p (2))° — i/ 3 («r,r< 2J Rj,Q p /Z p (2)) 
has finite cokernel, where if 3 ( JT, T< 2 i?j*Q p (2)) z'^ as we defined in §2.21 



Proof of Lemma \3.5.3\ We use the following fact due to Hagihara ([SH], A. 2.4, A. 2. 6), 
whose latter vanishing will be used later in $6l 
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Lemma 3.5.5 (Hagihara). Let n, r and c be integers with n > and r,c > 1. Then for any 
q < n + c and any closed subscheme Z C Y with codim.gr (Z) > c, we have 

H q z (&, r< n Rj^) = = H<*\3£, r> n+x Rj^). 
To show Lemma 13.5.31 we compute the local-global spectral sequence 

By the first part of Lemma [3 .5 .51 and the smooth purity for points on X, we have 



E u,t 



' 'H v (K,nf?) (ifu = 0) 

Q) xeX uH v - u (x,»p- u ) (ifv<2). 

Repeating the same computation as in the proof of Lemma l3.2.2[ we obtain 

N l H\X^f) ~ E 1 / = Eg - H 3 (^,r< 2 Rj^), 
which implies Lemma 13.5.31 □ 

Remark 3.5.6. Lemma 17. 531 extends a result of Langer-Saito ( ULSi Lemma (5.4)) to regular 
semistable families and removes the assumption in ULalL Lemma (3.1) concerning Gersten's 
conjecture for algebraic K -groups. Therefore the same assumption in loc. cit., Theorem A 
has been removed as well. 

Proof of Lemma \3.5.4\ By the Bloch-Kato-Hyodo theorem on the structure of p-adic vanish- 
ing cycles ([BKU, (Hyp, there is a distinguished triangle of the following form in D b (^ t ) 
(cf. USED, (4.3.3)): 

T< 2 Rj*/Ipr > T< 2 Rj*ll®? +s > T< 2 Rj*Hps 2 > (r< 2 -Rj*/ipr 2 )[l] 

Taking etale cohomology groups, we obtain a long exact sequence 

► H*(&, r <2 Rj^f) — > E\X, r <2 Rj^% s ) — > E\X, r <2 R 2 ^f ) 

(3.5.7) " - p - 

— > E^{^T< 2 Rj^f) — > •■■ . 

We claim that E 9 (^, r< 2 -Rj*/i?r 2 ) is finite for any g and r. Indeed, the claim is reduced to 
the case r = 1 by the exactness of (13.5.71) and this case follows from the Bloch-Kato-Hyodo 
theorem mentioned above and the properness of over S. Hence taking the projective limit 
of (13.5.71) with respect to r and then taking the inductive limit with respect to s we obtain a 
long exact sequence 

> T< 2 Rj*Z p (2)) — > #«(.r, t< 2j Rj,Q p (2)) — > r< 2 i2^Q J ,/Z p (2)) 

^^ +1 (JT,r< 2J Rj;Z p (2)) —>••., 

where E q (^,T< 2 Rj^7j p (2)) is finitely generated over Z p for any g. The assertion in the 
lemma easily follows from this exact sequence and a similar long exact sequence of etale 
cohomology groups of X. The details are straight-forward and left to the reader. □ 

This completes the proof of Lemma l3.5.2[ Proposition [333] and Theorem [344] 
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4. Cycle class map and unramified cohomology 

Let k,S,p, 3£ and K be as in the notation [TJ 8. In this section we give a brief review of 
p-adic etale Tate twists and provide some preliminary results on cycle class maps. The main 
result of this section is Corollary 14.2.71 below. 

4.1. p-adic etale Tate twist. Let n and r be positive integers. We recall here the funda- 
mental properties (S1)-(S7) listed below of the object % r {n) = Z r (n)sr e D b (^ 6t , Z/fZ) 
introduced by the second author [SHJ. The properties (SI), (S2), (S3) and (S4) characterizes 
X r (n) uniquely up to a unique isomorphism in D b (%l t , Z/p r Z). 

(51) There is an isomorphism t : < X r (n)\v — //S- n on V := ^[p -1 ]. 

(52) e X r (n) is concentrated in [0, n]. 

(53) Let Z C 3£ be a locally closed regular subscheme of pure codimension c with 
cli(Z) = p. Let i : Z — > 2£ be the natural immersion. Then there is a canoni- 
cal Gysin isomorphism 

Gys™ : W r Q z ^ g [-n - c] r< n+c m%(n) in D b (Z 6u Z/p r Z), 

where W r VL q z log denotes the etale subsheaf of the logarithmic part of the Hodge-Witt 
sheaf W r Q q z ( llBlTTl . M)- 

(54) For x E S£ and q G Z> , we define Z/p r Z(q) G D b (x^, t , Z/p r Z) as 



Z/p r Z{q) :-- 



& {if ch(x) ^ p) 

Wr^J-q] (ifch(x)=p). 

Then for y, x G 3£ with c := codim(x) = codim(y) + 1, there is a commutative 
diagram 

H n ~ c+1 (y, Z/p r Z{n - c + 1)) H n ~ c (x, Z/p r Z(n - c)) 



Gye? 



H^ +c -\^% r {n)) — ^; +c (f,I r (n)). 

Here for z G JT, Gys™ is induced by the Gysin map in (S3) (resp. the absolute 
purity ||RZ] - [|Th]. HFGH ) ifch(z) = p [resp. ch(z) ^ p). The arrow 5 loc denotes the 
boundary map in localization theory and <9 val denotes the boundary map of Galois 
cohomology groups due to Kato [KCTl, §1. 

(S5) Let Y be the union of the fibers of SC IS of characteristic p. We define the etale sheaf 
Vy^ 1 on Y as 

Uy' 1 := Ker(V al : veY a V^^.Tog — 0^ aflg), 
where for y EY, i y denotes the canonical map y <^-> Y. Let i and j be as follows: 

V = %\p- x \ % ^— Y. 

Then there is a distinguished triangle in D b (^ t , Z/p r Z) 

i*vy- l [-n-l] — 9 -^ % r (n) — r< n Rj*n® n — i*^; x [-n], 
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where t' is induced by the isomorphism t in (SI) and the acyclicity property (S2). The 
arrow g arises from the Gysin morphisms in (S3), a is induced by the boundary maps 
of Galois cohomology groups (cf. (S4)). 

(56) There is a canonical distinguished triangle of the following form in D h {^ t ): 

1 r+s (n) > % s {n) %{n)[l] -^-> % +s {n)[l}. 

(57) H l (^, % r {n)) is finite for any r and i (by the properness of 3J\ 

Remark 4.1.1. These properties of% r (n) deeply rely on the computation on the etale sheaf 
ofp-adic vanishing cycles due to Bloch-Kato [BK1J and Hyodo | |Hy) . 

Lemma 4.1.2. Put 

H q {3T, % Zp (n)) := lim H q ($r, T r (n)), H q { JT, T^n)) := lim H q {3C, X r (n)), 

H q (^, ^Q p {n)) := H q (^,% Zp (n)) ® Zp Q p . 

TTzen ?/zere is a long exact sequence ofZ p -modules 

► H q (3?,Z Zp (n)) ^ H q (3?,% Qp (n)) ^ H^Z^n)) 

^H q + l ($:,Z Zp (n))^--- . 

H q ( JT, (n) ) is finitely generated over Z p , H q ( JT, (n) ) w cofinitely generated over 7h v , 
and H q (^, Xq (n)) is finite-dimensional over Q p . 

Proof. The assertions immediately follow from (S6) and (S7). The details are straight- 
forward and left to the reader. □ 

4.2. Cycle class map. Let us review the definition of the cycle map 

Q n r : CR n (3T)/p r — ► H 2n ($r,<X r (n)). 
Consider the local-global spectral sequence 

(4.2.1) E%> v = H% +v (%-,Z r (n)) ^ H u+V (^% r (n)). 

By (S3) and the absolute cohomological purity HFGH (cf. flRZI - HTh|). we have 

(4.2.2) Ei' v ~ ^-"(x,Z/p r Z(n-M)) forw<n. 

This implies that there is an edge homomorphism E% ,n — > H 2n (^, % r (n)) with 

E 2 n ' n ~ Coker(V al : ye *-»-i Z//Z(l)) — 0, , * H°(x,Z/p r Z)) 

= CH™( Jf)/p r , 
where <9 val is as in (S4). We define q\ 1 , as the composite map 

Q n r : CR n (^)/p r ~ £ 2 n ' n — > # 2 ™(jr,<I r (n)). 
In what follows, we restrict our attention to the case n = 2. 
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Lemma 4.2.3. Let Y be the fiber of — > S over a closed point of S, and let K be the 
function field of 2£ '. Put 

N x E\%,% r {2)) := Ker(iT(.r,T r (2)) -> IP{K,nf)), 
N 2 W Y (%;%.(2)) := Ker(^( e r,X r (2)) -> 0„ e yo #J(.r, £ r (2))) . 

(1) N X H^(3£, T r (2)) ij isomorphic to the cohomology of the Gersten complex modulo p r 

K M {K) / f ^ K{yY/f^ Z/jTZ, 

and there is an exact sequence 

— ► CH 2 («r, l)/p r — > N l H 3 {%; T r (2)) — > p ,CH 2 (,T) — ► 

See §hAfor r/ie definition of CR 2 {^, 1). 

(2) There are isomorphisms 

H^% r {2)) ~ Ker(> al : ye «-i n y «(3/) x /P r ^©*rw Z/^z), 

iVX(^^r(2)) ^ Coker(> al : ye *-i n y «(y) x M — ^//z) 
= CH d _ 2 (Y)//, 
where d denotes the Krull dimension of 3C ' . 

Proof. (1) follows from the same argument as for Lemma 13.2.21 One can prove (2) in the 
same way as for (1), using the spectral sequence 

E7= H^{^%{n))^H^{^% r {n)) 

xe$r u nY 

and the purity isomorphism 

K V - H v - u (x,Z/p r Z(n-u)) forv<n 

instead of (14.2.11) and (14.2.21) . The details are straight-forward and left to the reader. □ 
Corollary 4.2.4. p rCH 2 (^T) is finite for any r > 1, ana , CH 2 («f2f ) p _ tors is cofinitely generated. 

Proof. The finiteness of p rCH 2 (i?f ) follows from the exact sequence in Lemma 13. 2 .3 1 (1) and 
(S7) in §4.11 The second assertion follows from Lemma l4.1.2l and the facts that CH 2 ( ^) p . t0 rs 
is a subquotient of H 3 ( JT, 1^ (2) ) . □ 

The following lemma will be used in the proof of Theorem II .51 
Lemma 4.2.5. Assume that the natural inclusion 

to : iV 1 F 3 (^,X 0O (2)) c -F 3 ( e r,X 0O (2)) 

has finite cokernel. Then there exists a positive integer r such that the kernel of the map 

agrees with (CH 2 ( jr) p _ tors ) DiVt /br any r > r . 
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Proof. The following argument is essentially the same as the proof of HCTSSL Corollaire 3. 
We recall it for the convenience of the reader. By the exact sequence in Lemma l4.2.3l (T). we 
have 

Cotor(A^ 1 J ff 3 ( e r,T 00 (2))) ~ Cotor(CH 2 ( ) p . tors ). 

By (S4) in §4. II and the same argument as [CTSS], §1, one can show the commutativity of 
the following diagram up to a sign: 

iv^jf, 100(2)) — - ch 2 («t ) p . tors 

o 2 

tj?-tors,r 

H 3 ($r, X 00 (2)) Xoo(2)) T r (2)), 

where the lower row is an exact sequence induced by the distinguished triangle 

2^(2) 2^(2) Tr (2)[l] > T 00 (2)[l] 

obtained by taking the inductive limit of the distinguished triangle of (S6) with respect to 
s > 0. The above diagram induces the following commutative diagram up to a sign: 

Cotor(iV 1 # 3 (.r, Too(2))) — ^ Cotor(CH 2 ( e r) p . tors ) 



■Hi 



2 

^p-tors,r 



Cotor(i/ 3 (jr, Too(2))) Cotor(if 3 («r, X 0O (2))) > # 4 ( «T, T r (2)), 

where the lower row remains exact. if 4 ( JT, T r (2)) and Cotor(if 3 (i?f, % 00 (2))) are finite by 
(S7) and Lemma ff. 1 .2[ Hence is injective for any r with p r -Cotor(if 3 (i£~, 1' 0O (2))) = 0. 
The finiteness of Coker(i ) implies the injectivity of z'q. Thus we obtain Lemma l4.2.5l □ 

Remark 4.2.6. If k is l-adic local with £ ^ p, then we have % 00 {2) = Q p /Z p (2) by definition 
and 

/^ 3 (JT,T 00 (2)) = # 3 (Jf,Q p /Z p (2)) ~ H 3 (Y,Q P /Z P (2)) 

by the proper base-change theorem, where Y denotes the closed fiber of 3£ — > S. The 
last group is finite by Deligne's proof of the Weil conjecture HDe2L Hence f? p . torS)r for is 
injective for a sufficiently large r > 1 by Lemma \4.2.5\ On the other hand, if k is global or 
p-adic local, then iJ 3 (JT, Too (2)) is not in general finite. Therefore we consider the finiteness 
of the group H 3 T (K, X; Q p /Z p (2)) to investigate the injectivity of Qp. tOTsr - 

Corollary 4.2.7. IfH 3 T (K, X; Q p /Z p (2)) is finite, then there is a positive integer r such that 
Ker(£ 2 . torsr .) = (CH 2 ( JQp-torsW for any r > r Q . 

Proof. Let i$ be as in Lemma l4.2.5l Since Coker(z ) is a subgroup of H 3 T (K, X; Q p /Z p (2)) 
(cf. (14.2.91) below), the assumption implies that Coker(z ) is finite. Hence the assertion fol- 
lows from Lemma l4.2.5l □ 

Remark 4.2.8. By the spectral sequence (14.2.11) and the isomorphisms in (14.2.21) with n = 2, 
there is an exact sequence 



iV 1 i/ 3 («r,Too(2)) H 3 (^, Too(2)) ^# 3 r (if,Q p /Z p (2)) 

(4.2.9) 



CR 2 (%-)®Q P /Z P F 4 («r,Too(2)) 
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Because the groups H*(3tf,% oa (2)) are cofinitely generated (cf. Lemma \4. l.2\\ , this exact 
sequence implies that H 3 T (K, Q p /Z p (2)) is cofinitely generated if and only z/CH 2 (^") <g> 
Q p /Z p is cofinitely generated. 

We mention here some remarks on unramified cohomology groups. 

Remark 4.2.10. (1) For n = 0, we have 

Hl r (K,Q p /Z p (0)) = H^Qp/Zj,). 

Ifk is global, then H^ T (K, Q p /Z p (0)) is finite by a theorem of Katz-Lang [KLJ. 

(2) For n = 1, we have 

Hi(K, Q P /Z P (1)) = Br(«r) p . tors . 

Ifk is global, the finiteness ofH^(K, Q p /Z p (l)) is equivalent to the finiteness of the 
Tate-Shafarevich group of the Picard variety of X [cf. [|G]|> M, UTalB ). 

(3) For n = d := dim( 1 (K, Q p /Z p (d)) agrees with a group considered by Kato 
HKCT1 . who conjectured that 

H^ X {K^ Q p /Z p (d)) = ifp 7^ 2 or k has no embedding into R. 

His conjecture is a generalization, to higher-dimensional proper arithmetic schemes, 
of the corresponding classical fact on the Brauer groups of local and global integer 
rings. The d = 2 case is proved in [KCTJ and the d = 3 case is proved in [fJSll . 

We prove here that H 3 V (K, Q p /Z p (2)) is related with the torsion part of the cokernel of a 
cycle class map, assuming its finiteness. This result will not be used in the rest of this paper, 
but shows an arithmetic meaning of H 3 T (K, Q p /Z p (2)). See also Appendix B below for a 
zeta value formula for threefolds over finite fields using unramified cohomology. 

Proposition 4.2.11. Assume that H 3 V (K, Q p /Z p (2)) is finite. Then the order of 

Coker(4 : CH 2 ^) ®Z P ^ F 4 (Jf, <X Zp (2))) p . tors 
agrees with that ofH 3 r (K, Q p /Z p (2)). 

Proof. By Lemma |4.1.2[ if 4 (i?f, Tz (2)) is finitely generated over Z p , and Coker(^| 
is finite. Consider the following commutative diagram with exact rows (cf. Lemma l4.1.2l) 

-► CH 2 ( X) p . tors -> CH 2 ( X) ® Z p -> CH 2 (,r) ® Q p -> CH 2 (iT) ® Q p / 



p-tors 



-Qp 



o 2 



^ Cotoi(H 3 (X,1 OQ (2))) ^ H 4 (X,1 Zp (2)) ^ H 4 (X,1 Qp (2)) -» £T 4 (ier j X 0O (2)), 

where a denotes the map obtained from the short exact sequence in Lemma l4.2.3l (T). See the 
proof of Lemma 14.2.51 for the commutativity of the left square. By the finiteness assumption 

on H*.{K, Q p /Z p (2)), we see that 

Coker(a) ~ gi N H\^,1 oo (2)) := H%^, % 00 (2) )/N 1 H 3 (^, 2^(2)) 

(cf. Lemma I4.2.3K 1)) and that the natural map Ker(gq p ) — > Ker(gQ ™ ) is zero (cf. (14.2.91) ). 
Hence by a diagram chase on the above diagram, we obtain a short exact sequence 

— gi N H 3 (^,% oo (2)) — Coker(4) p . tors — Kev(g 2 Qp/Zp ) — 0. 

Comparing this sequence with (|4.2.9I) . we obtain the assertion. □ 
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5. FINITENESS OF AN UNRAMIFIED COHOMOLOGY GROUP 
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5.1. Finiteness of H* r (K, X; Q p /Z p (2)). Let k, S,p, X and K be as in the notation[U8. 
In this and the next section, we prove the following result, which implies the finiteness asser- 
tion on H* T (K, X; Q p /Z p (2)) in Theorem O(l)- See g3J]for the condition HO. 

Theorem 5.1.1. Assume HO, HI* and either p > 5 or the equality 

(* g ) ^(A;,# 2 (X,Q p /Z p (2))) Div = H\k,H 2 (X,%/Z p (2))) mY . 

Then H 3 r (K, X; Q p /Z p (2)) is finite. 

In this section we reduce Theorem 15. 1.11 to Key Lemma [5.4.11 stated in §5 .41 below. We will 
prove the key lemma in $6] We first prove Theorem [T3] admitting Theorem l5.1.1[ 

Proof of Theorem [731 The assumption H 2 (X, Gx) = implies HI* and (* g ) (cf. Fact ll.li 
Remark H2 31 Rem ark gT2|(l)). Hence H^(K,X; Q p /Z p (2)) is finite by Theorem EHJ 
By Corollary 14.2 .7[ there is a positive integer r such that 

Ker(^. tors r ) = (CH 2 ( S") p . tors ) Div for any r > r . 

Thus it remains to check that CH 2 (i2T) p . tors is finite, which follows from the finiteness of 
CH 2 (X) p . tors (cf. Theorem l3.1.1l) and HCTR21 . Lemma 3.3. This completes the proof. □ 

5.2. Proof of Theorem I5.1.1L Step 1. We reduce Theorem l5.1.1l to Proposition l5.2.2l below. 

Let AWpf, Q p /Z p (2)) (resp. gr° N H 3 (X, Q p /Z p (2))) be the kernel (resp. the image) of the 
natural map 

# 3 (X,Q P /Z P (2)) — > H 3 (K,Q P /Z P (2)). 
In view of Lemma l4.2.3[ there is a commutative diagram with exact rows 

iV 1 J ff 3 (X,Q p /Z p (2)) # 3 (X,Q P /Z P (2)) -> gr^# 3 (X,Q p /Z p (2)) 

(5.2.1) Sl [ 82 i I, 

A^^S^))^ ^( e T,T 00 (2))^ ^ 4 (^,T 00 (2)), 
ves 1 ves 1 ves 1 y&Y° 

where the arrows 8 2 and arise from boundary maps in localization theory and 5% is induced 
by the right square. Note that we have 

Ker(S) = tf 3 r (K,X;Q p /Z p (2)). 

Proposition 5.2.2. Assume HO, HI* and either p > 5 or Then Ker(o) Div = 0. 

The proof of this proposition will be started in §5.31 below and finished in the next section. 
We first finish the proof of Theorem l5.1.1l admitting Proposition l5.2.2[ It suffices to show: 

Lemma 5.2.3. Assume HI* ifk is global. Then Ker(o) is cofinitely generated. 

Proof. The case that k is local is obvious, because H 3 (X, Q p /Z p (2)) is cofinitely generated. 
Assume that k is global. We use the notation fixed in[T]9. By Lemma[4X2l iJ 3 ( JT, Xoo(2)) 
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is cofinitely generated. Hence it suffices to show Coker(<5i) is cofinitely generated, where S± 
is as in (|5.2.1I) . There is a commutative diagram 

CH 2 (X, 1) ® Q p /Z p — ©, eS i CR d - 2 {Y v ) ® Q p /Z p 

i 

iv 1 i/ 3 (x,Q p /z p (2)) -A^e, eS1 iy 2 ^ (er)Too(2 )) ; 

where the right vertical isomorphism follows from Lemma 14.2.31 (2) and d is the boundary 
map of the localization sequence of higher Chow groups. See (13.3.11) for the left vertical 
arrow. Since iV 2 if ^ ( i*T, Tqo(2)) is cofinitely generated for any v E S 1 , it suffices to show 
that for a sufficiently small non-empty open subset U C S, the cokernel of the boundary map 

$,:CH 2 (X,1)® Qp/Zp—* CH^aO^)® Q p /Zp 

ve(uy 

is cofinitely generated. Note that CH ( i_ 2 (^ / y) = CH 1 (F„) if Y v is smooth. Now let U be a non- 
empty open subset of 5 \ £ for which JT x s U -> C/ is smooth. Put A := if 2 (X, Q p /Z p (2)), 
viewed as a smooth sheaf on There is a commutative diagram up to a sign 

CH 2 (X, 1) ® Q p /Z p CH 1 ^) ® Q P /Z P 

rcg 



See §2.5l for 5u- The right vertical arrow tu is defined as the composite map 

CH^n)® Qp/Zp F 2 (K,Qp/Zp(l)) ^iJ 2 (n,Q P /Z p (l)) GF « = A(-1) Gf «, 

where the first injective map is the cycle class map for divisors on Y v . Note that Coker(<9[/) 
is divisible and that Ker(rj/) has a finite exponent by the isomorphism 

Ker(e) ~ H\¥ V ,H\Y V ,Q P /Z P {1))) ~ ^f 1 (F v , Cotor(F 1 (X, Q p /Z p (l)))) 

for v £ U 1 , where the first isomorphism follows from the Hochschild-Serre spectral sequence 
for Y v . Hence to prove that Coker(<9;y) is cofinitely generated, it suffices to show that the map 

& := Tuodu: CH 2 (X, 1) ® Q p /Z p — > (A(-l) G ^) Div 

has cofinitely generated cokernel (cf. Lemma [2.3. 11 (2)). Finally since Coker(regQ / z )Div 
is cofinitely generated by HI* (cf. Lemma 12.4.11) . & has cofinitely generated cokernel by 
Lemma l2.5.1l (l). Thus we obtain Lemma l5.2.3l □ 



5.3. Proof of Theorem 15.1.11 Step 2. We construct a key commutative diagram (15.3.31) be- 
low and prove Lemma l5.3.5[ which play key roles in our proof of Proposition l5.2.2l We need 
some preliminaries. We suppose that k is global until the end of Lemma l5.3.1l Let £ C S be 
the set of the closed points on S of characteristic p. For non-empty open U C S, put 



^:=lx s (/ and ^u[p } ■= $?u x s (S \ £). 
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Let ju ■ ^u[p^ 1 ] — ► ^r; be the natural open immersion. There is a natural injective map 

ay,r : # 3 (^,r< 2 iy^/# 2 ) c H\SC v \p-\ pf) 

induced by the canonical morphism r^Rju*^®? — ► Rju*^ p ?- 
Lemma 5.3.1. We fcave A^ 1 ff 3 ( JT^fp -1 ], /x® 2 ) c Im(acr iP ). 
Proof. We compute the local-global spectral sequence 

E7 = #rW, r< 2 Rju^f) =► H u+V (^u, r< 2 Rj v ^f). 

By the absolute cohomological purity HFGH and Lemma l3.5.5l (l). we have 

'H v (K,/j,® 2 ) (ifu = 0) 

0,. P - H^(x,fif- U ) (if v < 2). 
Repeating the same computation as in the proof of Lemma |3.2.2[ we obtain 

N'H^ulp- 1 },^) ~ -E2' 2 = ^ 2 ^ H^u^Rju^f), 
which completes the proof of Lemma l5.3.1l □ 

Now we suppose that k is either local or global, and define the group W as follows: 

{H 3 (X, Q p /Zp(2)) (if k is £-adic local with t ^ p) 

F 3 (^, t< 2j Rj*Q p /Z p (2)) (if fc is p-adic local) 

Hm H 3 (<%u,T< 2 Rj Uif Q p /Z p (2)) (if fc is global), 
Ecucs 

where j in the second case denotes the natural open immersion X <^-> JT, and the limit in the 
last case is taken over all non-empty open subsets U C S which contain E. By Lemma l3.5.3l 
and Lemma l5.3.1l there are inclusions 

jVlff 3 (X,Q p /Z p (2)) C W C # 3 (X,Q P /Z P (2)) 

and a commutative diagram 

(5.3.3) iVF 1 J ff 3 (X,Q p /Z p (2)) Div < (^°) Div 



#^# 2 (^Q P /%(2))). 

Here NF l H 3 (X, Q p /Z p (2)) is as we defined in g331 and we put 
(5.3.4) W° := Ker(#- — # 3 (X, Q p /Z p (2))) . 

The arrows c<j and v are induced by the edge homomorphism (13.5.11) . We show here the 
following lemma, which is stronger than Lemma l3.5.2[ 

Lemma 5.3.5. Assume either p > 5 or (Q. Then lm(uj) C Hg(k, H 2 (X, Q p /Z p (2))). 

Remark 5.3.6. We will prove the equality Im(o;) = Hg(k, H 2 (X, Q p /Z p (2))) Div under the 
same assumptions, later in Lemma \7.2.2\ 

The following corollary of Lemma 15.3.5 1 will be used later in §5.41 
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Corollary 5.3.7. Assume HO, HI* and either p > 5 or (J*^. Then we have 
lm(v) = lm(u) = ^(A;,iJ 2 (X,Q p /Z p (2))) Div . 

Proof of Lemma \5.3.5\ The assertion under the second condition is rather obvious. In 
particular, we are done if k is £-adic local with £ ^ p (cf. Remark [3 .1.21 (1)). If k is p-adic 
local with p > 5, the assertion follows from Theorem l2 . 2.11 and Lemma l3.5.4l Before proving 
the global case, we show the following sublemma: 

Sublemma 5.3.8. Let k be an t-adic local field with t ^ p. Let & be a proper smooth 
scheme over S := Spec(Ofc). Put A := H l (X, Q p /Z p (n)) and 

H l n i\X,Q p /Z p (n)) := lm(W +1 (^,Q p /Z p (n)) - W +1 (X, Q p /Z»)) . 

Then we have 

Hj(k,A) c lm(F 1 H i+ \X,Q p /'L p {n)) n H£\X, Q p /Z p (n)) - H\k,A)) 

and the quotient is annihilated by #(A/Av lv ), where F* denotes the filtration induced by the 
Hochschild-Serre spectral sequence (12.6.21) . 

Proof. Put A := Q p /Z p , and let F be the residue field of k. By the proper smooth base change 
theorem, G fe acts on A through the quotient G F - It suffices to show the following two claims: 

(i) We have 

lm(F 1 H i+1 (X,A(n))nH^ 1 (X,A(n)) -> H\k,A)) = lm(H\¥,A) -> H\k,A)). 

(ii) We have 

Hj{k, A) C Im^F, A) -> H\k, A)) 

and the quotient is annihilated by A Div ). 

We show these claims. Let Y be the closed fiber of 3£ /S, and consider a commutative 
diagram with exact rows 

iif 1 (F, H^Y, A(n))) H l+1 (Y, A(n)) H i+1 (Y, A{n))) Gr 

) CT3 

H\k, A) H i+ \X, A{n))/F 2 H i+1 (X, A(n))f*, 

where the exactness of the upper (resp. lower) row follows from the fact that cd(G F ) = 1 
(resp. cd(Gfc) = 2). The arrows <j\ and cr 3 are induced by the isomorphism H*(Y, A{n)) ~ 
H*(X, A(n)) (proper smooth base change theorem). The arrow cr 2 is induced by 

a' 2 : H i+1 (Y,A(n))^ H i+1 (3?,A(n)) — ^ H i+1 (X, A(n)). 

Since Im(cx 2 ) = H^(X, A{n)) by definition, the claim (i) follows from the above diagram. 
The second assertion immediately follows from the fact that Hj(k, A) = Im(iJ 1 (F, A)v iv — > 
if 1 (A;, A)). This completes the proof of Lemma l5.3.8l □ 

We prove Lemma [5.3.51 in the case that k is global with p > 5. Let W and W° be as in 
(15.3.21) and (15.3.41) . respectively, and put 

A:=# 2 (X,Q p /Z p (2)). 



p-ADIC REGULATOR AND FINITENESS 31 

Note that (W°)r>iv = ^biv by HO. By a similar argument as for Lemma l2.4.1[ we have 

W Div = lim # 3 (^,r< 2 #j^Q p /Z p (2)) Div . 

EcUcS 

Here the limit is taken over all non-empty open subsets U C S which contain S, and ju 
denotes the natural open immersion 3Eu\p _1 ] 3£\j. By this equality and the definition of 
Hg(k, A) (cf. Definition ^. 1.11) . it suffices to show the following sublemma: 

Sublemma 5.3.9. Let U be an open subset of S containing E, and fix an open subset U' of 
U\£ forwhich U' is smooth (and proper). PutWjj := if 3 (i^, r< 2 i?jj/*Q p /Z p (2)). 

Then for any x G (Wu)t>w, its diagonal image 

x=(x v ) v€S ie H H 1 (k v ,A)/H}(k v ,A)x 11 H\k v ,A)/Hl{k v ,A) 
v^iu') 1 ves\u' 

is zero. 

Proof. Since (Wu)dw is divisible, it suffices to show that x is killed by a positive integer 
independent of x. By Lemma 15 .3 .81 x v with v £ (U 1 ) 1 is killed by #(A/Am v ). Next we 
compute x v with v E E. Let 3£ v and j v : X v <^-> S£ v be as in[[]9, and put 

W v := H\^T< 2 R ]m Q p /Z p {2)). 

By HO over k, we have 

lm((Wu) Div - W v ) C Kev{W v - # 3 (X, Q p /Z p (2)) Div . 

Hence Theorem 12.2.11 and Lemma [3.5.41 imply that x„ = for v £ S. Finally, because the 
product of the other components 

J] H x {k V i A)/Hg(k v , A) 
veS\(u'uE) 

is a finite group, we see that all local components of x is annihilated by a positive integer 
independent of x. This completes the proof of the sublemma and Lemma l5.3.5l □ 

5.4. Proof of Theorem EXB Step 3. We reduce Proposition [57Z2] to Key Lemma [5AJ] 
below. We replace the conditions in Proposition l5.2.2l with another condition 

Nl: We have lm(u) = Im(z/) in (15.3.31) . and Coker(regQ p//Zp )Di v is cofinitely 
generated over Z p . Here regQ p / Zp denotes the regulator map (13.2.11) . 

Indeed, assuming HO, HI* and either p > 5 or (|*^j), we obtain Nl, by Corollary 15.3.71 and 
the fact that the quotient H(k, A) D ^/Hj(k, A) Div , with A = H 2 (X, Q p /Z p (2)), is cofinitely 
generated over Z p for (cf. Lemma [2.4. In . Thus Proposition l5.2.2l is reduced to the following: 

Key Lemma 5.4.1. Assume HO and Nl. Then we have Ker(D) Div = 0. 

This lemma will be proved in the next section. 
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6. Proof of the key lemma 

6.1. Proof of Key Lemma 15.4.11 Let 

c,;tf 3 (X,Q p /Z p (2))^0 ^ 4 (^,X 0O (2)) 

be the map induced by o in (15.2.11) . Put 

G := H 3 (X,Q p /Z p (2))/(N l H 3 (X,Q p /Z p (2)) Div ) 
and let 6 C G be the image of Ker(U). Note that we have 

G = Ker(e -> gr^tf 3 (X, Q p /Z p (2)) ^ ^ 0^)0 F^JT, X oc (2))) 
and a short exact sequence 

— ► Cotor(X 1 J ff 3 (X,Q p /Z p (2))) — ► 6 — ► Ker(fl) — > 0. 

If A; is global, the assumption of Proposition 13 .3 .21 (2) is satisfied by the condition Nl. Hence 
Cotor(X 1 J ff 3 (X, Q p /Z p (2))) is finite in both cases k is local and global (cf. Proposition[3X2l 
(13.3.11) ). By the above short exact sequence and Lemma l2.3.1l (3). our task is to show 

6*Div = 0, assuming HO and Nl. 

Let F* be the filtration on H 3 (X, Q p /Z p (2)) resulting from the Hochschild-Serre spectral 
sequence (12.6.21) . We define the filtration F* on G as that induced by F*H 3 (X, Q p /Z p (2)), 
and define the filtration F*6 C G as the pull-back of F'O. Since HO implies the finiteness 
of gr^6>, it suffices to show 

(6.1.1) (F 1 ©)^ = 0, assuming Nl. 

The following lemma will play key roles: 

Lemma 6.1.2. Suppose that k is local. Then the following composite map has finite kernel: 

d 2 : H 2 {k,H\X,q p /Z p {2)) — H 3 (X, Q p /Z p (2)) H^,% oc (2)). 

y eY° 

Here the first map is obtained by the Hochschild-Serre spectral sequence (12.6.21) and the fact 
thatcd(k) = 2 (cf. §Z6j). Consequently, the group F 2 H 3 (X, Q p /Z p (2)) n Ker(0) is finite. 

Admitting this lemma, we will prove (16.1.11) in § §6.214631 We will prove Lemma [6.1 .21 in 

6.2. Case k is local. We prove (16.1.11) assuming that k is local and that Lemma [6X2] holds. 
Let F be the residue field of k. By Lemma l6.1.21 F 2 G is finite. We prove that lm(F 1 G — ► 
gr^6>) is finite, which is exactly the finiteness of gr^6> and implies (16.1.11) . Let W and W° 
be as in (15.3.21) and (15.3.41) . respectively. Nl implies 

(6.2.1) gi^G ~ F 1 F 3 (X,Q p /Z p (2))/((#' ) Div + F 2 H 3 (X, Q p /Z p (2))). 

If p ^ ch(F), then the group on the right hand side is clearly finite. If p = ch(F), then Lemma 
16.2.21 below implies that the image of F 1 — > gr^<9 is a subquotient of Cotor(#' ), which 
is finite by the proof of Lemma l3.5.41 Thus we are reduced to 
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Lemma 6.2.2. Ifp = ch(F), then Ker(3) C W. 

Proof. Let the notation be as in the notationHJlO. Recall that W = H 3 (&, T< 2 Rj*Q p /Z p (2)) 
by definition. There is a commutative diagram with distinguished rows in _D b ( JT, Z/p r Z) 



%{2) 



Rj*f^r, 



RURr% r (2)[l] 



Ri*Rr(t){l] 



Rj^f RiMi\r^Rj^f)[l] 



— S r (2)[l] 

t[i] 

(r< 2 Rj^® 2 )[l], 



where t is as in (S5) in §4.11 The central square of this diagram gives rise to the left square 
of the following commutative diagram (whose rows are not exact): 



H 3 (X,Q p /Z p (2)) 



.ff~y(^, Too(2)) 



y€Y° 



(6.2.3) 



H 3 (X,Q P /Z P (2)) -^H°(Y,i*R 3 m p /Z p (2)) ^ H°(y,i*R 3 j*Q p /Z p (2)). 

yeY° 



Here we have used the isomorphism T> 3 Rj*fj.p? ~ i?i*_Rrr< 2 -Rj*/iS 2 [l]. The composite of 
the upper row is t). We have Ker(ei) = W obviously, and e 2 is injective by the second part 
of Lemma l3.5.5l Hence we have Ker(o) C Ker(e 2 o ei) = Ker(ei) = W . □ 



6.3. Case k is global. We prove (|6.1.1I) assuming that k is global and that Lemma [6.1.21 
holds. Let W and W° be as in (15.3.21) and (15.3.41) . respectively. Nl implies 

(6.3.1) gr^6> ~ F 1 ^ 3 (X,Q p /Z p (2))/((#' ) Div + F 2 H 3 (X, Q p /Z p (2))) . 

We first prove the following lemma: 

Lemma 6.3.2. Ker(0) c W. 



Proof. We use the notation in[T]9. By the same argument as for the proof of Lemma |6.2.2[ 
we obtain a commutative diagram analogous to (|6.2.3I) 

H 3 (X,Q P /Z P (2)) — ©#^(^,^(2)) — © ^,^(2)) 



oSS 1 y&(Y v )° 



H 3 (X,%/Z p (2)) © J F/°(y i ,,i; j R 3 j w Q p /Z p (2)) ^ © © H°(y,i* v R 3 j m Q p /Z p (2)) 



ve£ye(Y v )° 

The composite of the upper row is 0. The assertion follows from the facts that Ker(ei) = W 
and that e 2 is injective (cf. Lemma l3.5.5l) . □ 

We prove (16.1.11) . By Lemma l2.3.1l (4). it suffcies to show that 

(F 2 (9) Div = = (gr^<9) Div . 

Since F 2 H 3 (X, Q p /Z p (2)) HKer(o) has a finite exponent (Corollary[2A3](2), Lemma[6X2]), 
we have (F 2 (9) Div = 0. We show (gr^(9) Div = 0. By (I63H) and Lemma[632l we have 

gr^O C ~ : = W°/((W°) mv + Z) with Z := W° n F 2 # 3 (X, Q p /Z p (2)). 
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By Corollary 12.6.31 (1). Cotor(Z) has a finite exponent, which implies 

(gr^) Div C ~ Div = Cotor(^°) Div = 
(cf. Lemma[23j](3)). Thus we obtain (I6XTT) . 

6.4. Proof of Lemma [6.1.21 The case that k is p-adic local follows from USatll . Theorem 
3.1, Lemma 3.2(1) (cf. HTs3ll ). More precisely, X is assumed in [Satl], §3 to have strict 
semistable reduction, but one can remove the strictness assumption easily. The details are 
left to the reader. 

We prove Lemma 16. 1 .21 assuming that k is £-adic local with £ ^ p. Note that in this case 
X/S may not have semistable reduction. If X / S has strict semistable reduction, then the 
assertion is proved in USatlL Theorem 2.1. We prove the general case. Put 

A := Q p /Z p 

for simplicity. By the alteration theorem of de Jong 03], we take a proper generically finite 
morphism / : X' — > X such that X' has strict semistable reduction over the normalization 
5" = Spec(o fc ') of S in X'. Note that t) 2 is the composite of a composite map 

u 3 : H 2 (k, H\X, A(2)) — > H 3 (X, A(2)) ^ H*(X, A(2)) 
with a pull-back map 

(6.4.1) h y (x, a{2)) — > h±(x, a{2)). 

yevo 

Here the arrow 5 loc is the boundary map in localization theory. There is a commutative 
diagram 

H 2 (k, H\X, A(2))) H±{X, A(2)) 

r 

H 2 (k', H^X', A(2))) — H*,(X, yl(2)), 

where X' := iST' ® A; and F' denotes the closed fiber of X'/S'. We have already shown 
that Ker(D 3 ) is finite, and a standard norm argument shows that the left vertical arrow has 
finite kernel. Thus Ker(u 3 ) is finite as well. It remains to show 

Lemma 6. 4.2. Im (0 3 ) n N 2 H Y (X, A(2)) is finite, where N 2 H Y (X, A(2)) denotes the kernel 
of the map (16.4.11) . 

Proof. First we note that 

lm(0 3 ) Clm(F 1 (F,^(^ ur ,yl(2))) H Y {X, A{2))) . 
Indeed, this follows from the fact that D 3 factors as follows: 

H 2 (k, H X (X, A{2))) ~ H^F, H\k m , H\X, A{2)))) 
— ► H\¥, H 2 (X UI , A{2))) — ► H\¥, H^{X m , A(2))) — ► H Y {X, A{2)). 
Hence it suffices to show the finiteness of the kernel of the composite map 

v : H\¥, H^(X™, A(2))) — > H Y (X, A{2)) — X, A{2)). 

yeY° 
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There is a commutative diagram with exact rows and columns 

H 1 (¥,H^(X^,A(2))) 



CH d _ 2 (y) ® A c ^ H±{X, A{2)) ^ ©„ ey o H*(X, A(2)) 



CH d _ 2 (F) A c JT ur , A(2)) 0, e( F)o H*(X™, A(2)), 

where the horizontal rows arise from the isomorphisms 

N 2 H*(%; A{2)) ~ CH d _ 2 (F) (g) A, N 2 H^ m , A{2)) ~ CH d _ 2 (F) <g> yl 

with d := dim( JT) (cf. Lemma 14.2.31 (2)). The middle vertical exact sequence arises from 
the Hochschild-Serre spectral sequence for JT ur /X. A diagram chase shows that Ker(-u) ~ 
Ker(t), and we are reduced to showing the finiteness of Ker(t). Because the natural restric- 
tion map CH rf _ 2 (r)/CH d _ 2 (r) tors -> CH d _ 2 (F)/CH d _ 2 (F)tor S is injective by the standard 
norm argument, the finiteness of Ker(t) follows from the following general lemma: 

Lemma 6.4.3. Let ebe a positive integer and let Z be a scheme which is separated of finite 
type over F := F with dim(Z) < e. Then the group CH e _i(Z)/CH e _i(Z) t0 rs is a finitely 
generated abelian group. 

Proof of Lemma \6.4. 3\ Obviously we may suppose that Z is reduced. We first reduced the 
problem to the case where Z is proper. Take a dense open immersion Z <^-> Z' with Z is 
proper. Writing Z" for Z' \ Z, there is an exact sequence 

CH e _i(Z") — > CHe-^Z') — > CH e _ x (Z) — > 0, 

where CH e _i(Z") is finitely generated free abelian group because dim(Z") < e — 1. Let 
/ : Z — >■ Z be the normalization. Since / is birational and finite, one easily sees that the 
cokernel of /* : CH e _i(Z) — > CH e _i(Z) is finite. Thus we may assume Z is a proper 
normal variety of dimension e over F. Since F is algebraically closed, Z has an F -rational 
point. Now the theory of Picard functor (cf. HMul . §5) implies the functorial isomorphisms 
CH e _!(Z) ~ Vicz/f{F), where Pic^/F denotes the Picard functor for Z/F. This functor is 
representable by a group scheme and fits into the exact sequence of group schemes 

— > Pic^ /F — > Pic z/F — > NS Z/F — > 0, 

where Pic^/ F is quasi-projective over F and the reduce part of NS z /i? is associated with a 
finitely generated abelian group. Since F is the algebraic closure of a finite field, the group 
Pic Zy/i? (F) is torsion. Lemma |6 .4 . 3 1 folio w s immediately from these facts. □ 

This completes the proof of Lemma 15 .4 .2[ Lemma 15. 1.21 and the key lemma |5A 1[ □ 



36 



S. SAITO AND K. SATO 



7. Converse result 

7.1. Statement of the result. Let F be a finite field, and let Z be a proper smooth geometri- 
cally integral variety over F. We say that the Tate conjecture holds in codimension lfor Z, if 
the etale cycle class map 

CH 1 ^) ® Q e — > # 2 (Z ® F F, Q,(1)) Gf 

is surjective for a prime number £ ^ ch(F) ( UTalL 0a2J). By UMilH . Theorem 4.1, this 
condition is equivalent to that the ^-primary torsion part of the Grothendieck-Brauer group 
Br(Z) = H 2 (Z, G m ) is finite for any prime number £ including ch(F). 

Let k, S,p, and K be as in the notation [Q8. In this section, we prove the following 
result, which implies Theorem l 1.21 (2) (see §3.1 l for HO): 

Theorem 7.1.1. Assume HO and either p > 5 or the equality 

(* g ) Hg(k, H 2 (X, Q p /Z p (2))) Div = H\k, H 2 (X, Q p /Z p (2))) Div . 

Assume further the following three conditions: 
Fl : CH 2 (X) p . tors is finite. 
F2 : Hl(K,X; Q p /Z p (2)) is finite. 

T : The reduced part of every closed fiber of 3£ / ' S has simple normal cross- 
ings on 3C ' , and the Tate conjecture holds in codimension lfor the irreducible 
components of those fibers. 
Then HI* holds. 

7 .2. Proof of Theorem HXH Let 

D:tf 3 (X,Q p /Z p (2))^0 ^ 4 («r,T 00 (2)). 

veS yd{Y v )0 

be the map induced by o in (15.2.11) . Let W be as in (15.3.21) . We need the following lemma: 

Lemma 7.2.1. Assume that T holds. Then we have 

^ Div C Ker(o) + F 2 H 3 (X, Q p /Z p (2)). 

This lemma will be proved in § §7.314741 below. We first finish the proof of Theorem 17 . 1 . 1 1 
admitting Lemma |7.2.1[ The assumption Fl implies 

CH 2 (X, 1) ® Q p /Z p = N l H 3 (X, Q p /Z p (2)) Div . 

The assumption F2 implies the equality 

AW(X,Q p /Z p (2)) =Ker(0) 

up to a finite group. Hence by Lemma l7.2.1[ Fl and F2 imply the equality 

Im(regQ p/Zp ) = lm(u), 

where u is as in (15.3.31) . Thus we are reduced to the following lemma stronger than Lemma 
15331 

Lemma 7.2.2. Assume either p > 5 or (* g ). Then we have 

lm(u) = H 1 g (k,H 2 (X,Q p /Z p (2))) Div . 
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Proof. If k is local, then the assertion follows from Theorem 12.2.11 and Lemma 13.5.41 We 
show the inclusion Im(o;) D H^(k, H 2 (X, Q p /Z p (2))) Div , assuming that k is global (the 
inclusion in the other direction has been proved in Lemma l5.3.5l) . Let W° be as in (|5.3.4I) and 
put A := H 2 (X, Q p /Zp(2)). By Lemma|23j](3), it is enough to show the following: 

(i) The image of the composite map 

w o c _ F 1 H 3 (X, Q p /Zp(2)) H\k, A) 

contains Hg(k, A)j) iv , where the arrow ip is as in (13.5.11) . 

(ii) The kernel of this composite map is cofinitely generated up to a group of finite expo- 
nent. 

(ii) follows from Corollary 12.6.31 (1). We prove (i) in what follows. We use the notation fixed 
in[[]9. Let U C S be a non-empty open subset which contains 27 and for which 3£jj — > U 
is smooth outside of 27. Let ju '■ ^u[p~ l ] <%u be the natural open immersion. Put 

U' := U \ 27 and A := Q p /Z p . For u e 27, put 

M v := F 1 H\X v ,A{2))/{H\^r^ 2 R{j v ) if A{2)f) Iyiwl 

where the superscript means the subgroup of elements which vanishes in H 3 (X, A(2)) ~ 
H 3 (X V kv k v , A(2)). We construct a commutative diagram with exact rows 

Ker(rv) F 1 ^^- 1 ], A{2)) ru > veE M v 



C,J 



KerM H\U, A) © v& z Hj g (k v , A), 

where F 1 on if 3 (^T(/[p _1 ], A(2)) means the filtration resulting from the Hochschild-Serre 
spectral sequence (|3.2.3I) for ^/[p -1 ], and ipu is an edge homomorphism of that spectral 
sequence. The arrows and au are natural pull-back maps, and we put 

Hj g (k v ,A) := H 1 {k v , A)/Hg(k v , A). 

The existence of bs follows from the local case of Lemma 17.2.21 and cjj denotes the map 
induced by the right square. Note that Ker(au) contains Hj u (k, A). Now let 

c : "W^ := lim Kev(rjj) — >• lim Ker(au) 

scucs scucs 

be the inductive limit of Cu, where U runs through all non-empty open subsets of S which 
contains 27 and for which 3£u — > U is smooth outside of 27. Because the group on the right 
hand side contains Hg(k, A), it remains to show that 

(iii) Coker(c) has a finite exponent. 

(iv) is contained in W°. 

(iv) is rather straight-forward and left to the reader. We prove (iii). For U C S as above, 
applying the snake lemma to the above diagram, we see that the kernel of the natural map 

Coker (cu) — > Coker^jy) 

is a subquotient of Ker(&x;). By the local case of Lemma l7.2.2[ we have 

Ker(b E ) ~ lm(F 2 H 3 (X v ,A(2)) -> M v ) 
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and the group on the right hand side is finite by Lemma 17.4.11 below. On the other hand, 
Coker(?/>;y) is zero if p > 3, and killed by 2 if p = 2. Hence passing to the limit, we see that 
Coker (c) has a finite exponent. This completes the proof of Lemma l7.2.2l □ 

7.3. Proof of Lemma 17.2.11 Step 1. We start the proof of Lemma [7T27T1 Our task is to show 
the inclusion 

(7.3.1) u(#D iv ) C d(F 2 H 3 (X,Q p /Z p (2))). 

If k is global, then the assertion is reduced to the local case, because the natural map 

F 2 H 3 (X, Q p /Zp(2))) — > F 2 H 3 (X V ,Q P /Z P (2))) 

veS 1 

has finite cokernel by Corollary 12.6.31 (2). 

Assume now that k is local. In this subsection, we treat the case that k is £-adic local with 
£ 7^ p. We use the notation fixed in[HlO. Recall that Y has simple normal crossings on 3£ 
by the assumption T. Note that d factors as 

tf 3 (X,Q p /Z p (2)) ^ i#(3r, Q p /Zp(2)) -U H^,Q P /Z P (2)), 

y eY° 

and that Im(fl) C Im(i). There is an exact sequence 

- i/ 1 (F,^(«r ur ,Q p /Z p (2))) - # 4 ( «T,Q P /Z P (2)) - H±{& w ,® P /Z p (2)f* - 

arising from a Hochschild-Serre spectral sequence. We have Ker(i) ~ CH d _ 2 (F) <8> Q p /Z p 
with d := dim( JT) by Lemma I4.2.3K 2). Hence to show the inclusion (17.3.11) . it suffices to 
prove 

Proposition 7.3.2. ( 1 ) Assume that T holds. Then the composite map 
(7.3.3) CH,_ 2 (r) ® Q p /Z p — tf£ (\T, Q p /Z p (2)) — iff (Jf ur , Q p /Z p (2)) Gf 
azi isomorphism up to finite groups. Consequently, we have 
lm(0 ~ H x (F,H*{& m , Q p /Zp(2))) 

w/> to finite groups. 
(2) TTze image of the composite map 

H\k,H\X,Q p /Z p {2))) — > # 3 (X,Q P /Z P (2)) — > ^(^, Q p /Z p (2)) 

contains tf^F, H^(5£ u \ Q p /Z p (2))) Div . 

We first show the following lemma: 

Lemma 7.3.4. (1) Consider the Mayer-Vietoris spectral sequence 

(7.3.5) £^ = F 2u+«-2 ( y(-u+i) ) Qp/Zp ( M + x)) =^ H^ +V (^ m , Q p /Z p (2)) 

obtained from the absolute purity (cf. HRZL HThi HFGB ). w/We denotes the dis- 
joint union of q-fold intersections of distinct irreducible components of the reduced 
part ofY. Then there are isomorphisms up to finite groups 

H\¥,m^,Q p /Z p (2))) ~ H\¥,E^'% 

^(^ ur ,Q P /Z p (2)) G ^(E 2 ' 4 ) G -. 
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(2) As G ¥ -module, H°(k u \ H 2 {X, Q p )) has weight < 2. 

Proof of Lemma \7.3.4\ (1) Since E^' v = for any (it, v) with u > or 2u + v < 2, there is 
a short exact sequence 

(7.3.6) o — £ 2 - 3 — ► fff (^r w , Q P /z p (2))) — > -Er 1 ' 4 — > o, 

and the edge homomorphism 

(7.3.7) £ 2 °> 4 c . ^(.ST*, Q p /Z p (2))), 

where we have £ , 2 ^ 1 ' 4 = Ker(d^ 1 ' 4 ) and _E 2 ' 4 = Coker(<i^ 1 ' 4 ) and d^ 1,A is the Gysin map 
H°(7^,Q P /Z P ) -> F 2 (FW,Q p /Z p (l))). Note that is pure of weight u - 4 by 
Deligne's proof of the Weil conjecture HDe2H . so that H l (¥, E£f) (i = 0, 1) is finite unless 
v = 4. The assertions immediately follow from these facts. 

(2) By the alteration theorem of de Jong ||3J]|, we may assume that 3£ is projective and 
has semistable reduction over S. If X is a surface, then the assertion is proved in fRZJ. 
Otherwise, take a closed immersion 3£ c — > =: P. By lUSl . Proposition 4.3(b), there 
exists a hyperplane H C P which is flat over S and for which 2f := JT x P H is regular with 
semistable reduction over S. The restriction map H 2 (X, Q p ) — > H 2 (Z, Q p ) (Z := 5? x 0k k) 
is injective by the weak and hard Lefschetz theorems. Hence the claim is reduced to the case 
of surfaces. This completes the proof of the lemma. □ 

Proof of Proposition \7.3.2\ (1) Note that the composite map (17.3.31) in question has finite 
kernel by Lemma l6.4.3l and the arguments in the proof of Lemma l6.4.2[ We prove that (17.3.31) 
has finite cokernel, assuming T. By the Kummer theory, there is a short exact sequence 

(7.3.8) — Pic(F«) ® Q p /Z p — H 2 (Y (1 \ Q p /Z p (l)) — Br(F«) p . tors — 
and the differential map d^ 1 ' of the spectral sequence (17.3.51) factors through the Gysin map 

H\Y^ 2 \ Q p /Z p ) — > Pic(F«) ® Q p /Z p , 

whose cokernel is CH(i_ 2 (F) ® Q p /Z p . Hence in view of the computations in the proof of 
Lemm a [7341(1), the Gysin map CH d _ 2 (F) ® Q p /Z p -> #±(Jf ur , Q p /Z p (2)) (cf. Lemma 
14.2.31 (2)) factors through the map (|7.3.7I) and we obtain a commutative diagram 

CH d _ 2 (F) ® Q p /Z p E^{.^\ Q P /Z P (2)) G - 

(CH d _ 2 (F) ® Q P /Z P ) G ^ - (^ 2 0,4 ) Gf , 

where the left vertical arrow has finite cokernel (and kernel) by Lemma [6 .4.31 and a standard 
norm argument, and the right vertical arrow has finite cokernel (and is injective) by Lemma 
17.3.41 (1). Thus it suffices to show that the bottom horizontal arrow has finite cokernel. By the 
exact sequence (17.3.81) . we obtain a short exact sequence 

— > CH d _ 2 (F) <g> Q p /Z p — > £ 2 ' 4 — > Br(F«) p . tors — > 0. 

Our task is to show that (Br(F^^) p .tors) GF is finite, which follows from the assumption T and 
the finiteness of the kernel of the natural map 

H\G ¥ , Pic(F«) ® Q p /Z p ) — ^(Gf, # 2 (F« Q p /Z p (1))) 
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(cf. Lemma l7.5.2l in §7.5l below). Thus we obtain the assertion. 
(2) Since cd(A; ur ) = 1, there is a short exact sequence 

- H\k^,H\X, Q p /Zp(2))) - # 2 (X ur ,Q p /Z p (2)) -> # 2 (X, Q p /Z p (2)) G * ur -> 

arising from a Hochschild-Serre spectral sequence. By Lemma l7.3.4l the last group has weight 
< —2, and we have isomorphisms up to finite groups 

H 2 (k, H\X, Q p /Zp(2))) ~ H\¥, H\k™, H\X, Q p /Z p (2)))) 

(7.3.9) 

~ /7 1 (F,F 2 (X-,Q P /Z P (2))). 
Now we plug the short exact sequence (17.3.61) into the localization exact sequence 

tf 2 (X ur ,Q p /Z p (2)) — H^(^,Q P /Z P (2))) tf 3 (Jf ur ,Q p /Z p (2)). 

Note that H 3 ($r uT , Q p /Z p (2)) ~ H 3 (Y, Q p /Z p (2)), so that it has weight < -1 (cf. llDe2l ). 
Let E%' v be as in (17.3.51) . Since E^ 1 ' 4 is pure of weight 0, the induced map 

E 2 1A — > tf 3 (Jf^Q p /Z p (2)))/a(£ 2 ' 3 ) 

has finite image. Hence the composite map 

tf 2 (X ur ,Q p /Z p (2)) — i4(«r ur ,Q p /Z p (2))) — I?" 1 ' 4 

has finite cokernel, and the following map has finite cokernel as well: 

H\¥,H 2 (X^,Q P /Z P (2))) — H\¥,E- 1A ). 

Now Proposition 17.3.21 (2) follows from this fact together with (17.3.91) and the first isomor- 
phism in Lemma|733](l)- □ 

Remark 7.3.10. Let J be the set of the irreducible components ofY^ and put 
A := Kei(g' : Z J -> NS(F (1) )) with NS(F (1) ) := NS(Y y ), 



where for y G Y°, Y y denotes the closure {y} C Y and NS(Yy) denotes its Neron-Severi 
group. The arrow g' arises from the Gysin map Z J — > Pic(y^). One can easily show, 
assuming T and using Lemma \7.5.2\ in $7.5\ below. that the corank of H x (¥, E^ 1, ) over Z p 
is equal to the rank of IS. over Z. Hence Proposition ^. 3. 2\ (2) implies the inequality 

(7.3.11) dim Qp (H 2 {k,H\X,Q p (2)))>dim Q (A®Q), 

which will be used in the next subsection. 

1 A. Proof of Lemma I7.2.1L Step 2. We prove Lemma l7.2.1[ assuming that k is p-adic local 
(see [Q 10 for notation). We first show the following lemma: 

Lemma 7.4.1. We have 

F 2 # 3 (X,Q p /Z p (2)) c # 3 (<r,r< 2 i?j;Q p /Z p (2)) (= W). 
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Proof of Lemma W.4.1\ By (S5) in §4.11 there is a distinguished triangle in D b (^ t , 1>/p r "£) 

(7.4.2) i*4, r [-3] X r (2) r< 2 Rj*ti® 2 ► i*i4;r[-2]. 

Applying to this triangle, we obtain a distinguished triangle in D b (Y& i , Z/p r Z) 

(7-4-3) ^ r [_ 3] ^1 Rl X(2) i*(r>sRj^)[-l] > ^ r [-2], 

where Gys 2 := Rv{g) and we have used the natural isomorphism 

i*(r> 3 Rj*n®?)[-l] ~ ffi ! (r< 2J Rj;/i^ 2 ). 
Now let us recall the commutative diagram (16.2.31) : 

tf 3 (X, Q p /Z p (2)) X QO (2)) yeY o H^ST, Xoo(2)) 

A 

# 3 (X, Qp/Zp(2)) — #°(Y, z*i? 3 j*Q p /Z p (2)) — yGy o #°(y, i * J R 3 j,Q p /Z p (2)). 

where the middle and the right vertical arrows are induced by Rv{t) in (17.4.31) . By the proof 
of Lemma l6.2.2[ we have if 3 ( JT, r< 2 i?j*Q p /Z p (2)) = Ker(e 2 ei). Hence it suffices to show 
the image of the composite map 

d 2 : H 2 {k,H\XM P /^)) — # 3 (X,Q P /Z P (2)) H^Z^)) 

yeY° 

is contained in Ker(A). By the distinguished triangle (17.4.31) . Ker(A) agrees with the image 
of the Gysin map 

y eY° y eY° y eY° 

On the other hand, as is seen in §6.41 o 2 factors through the maps 

H\¥, H°(Y, W^4,io g )) — Hl ( F - 0, e y« H °(v, W^j) 

Thus we obtain the assertion. □ 

We start the proof of Lemma [7.2.11 i.e., the inclusion (17.3.11) . assuming that k is p-adic 
local. The triangle (|7.4.2I) gives rise to the upper exact row of the following diagram whose 
left square is commutative and whose right square is anti-commutative: 

# 3 (JT, 1 r (2)) - tf 3 (Jf, T< 2 Rwf) - H\Y, 4_ r ) 

Gys ' 

H*{&,Z r {2)) ^H\X^f) ^H^,1 r (2)), 

where Gys 2 is as in (|7.4.3I) and the anti-commutativity of the right square follows from (S4) 
in gjj Hence the map D restricted to W = H 3 ( SC, r< 2J Rj;Q p /Z p (2)) factors as 

W _^ H \Y, ^ J — H A Y {%\ % x {2)) — > fl^ar.Toop)), 



42 S. SAITO AND K. SATO 

where z/ yoo := lim v\ T . By Lemmas |7 .4. 1 1 and 16.1.21 it suffices to show that the corank of 
(7.4.4) imjVorX.co) - y6 yo ^ 4 ( e T,X 0O (2))) 

is not greater than diniQ p H 2 (k, H l (X, Q p (2))). We pursue an analogy to the case p ^ ch(F) 
by replacing ii/y-( JT, Q p /Z p (2)) with z/y ^). There is an exact sequence 

o H \¥, h°(y, 4 J) — > ^(y; 4 iOC ) — ^(F, — 

arising from a Hochschild-Serre spectral sequence. By HSat3L Corollary 1 .5, there is a Mayer- 
Vietoris spectral sequence 

Ef = H a +\Y( 1 - a \W^n 1 + ( l a)>]og ) =► tf a+b (F, 4 j. 

Note that £°' 6 is of weight b - 1 so that iT(F, iv ) is finite unless 6=1. Thus we obtain 
isomorphisms up to finite groups 



(7-4.5) _ 
with -E^ 1 ' 1 = Ker(<i^ 1 ' 1 ) and i?^' 1 = Coker(<i^ 1 ' 1 ), where d^ 1,1 is the Gysin map 

tf°(F( 2 \Q p /z p ) — ^(F^W^^J. 

There is an exact sequence of Cp-modules (cf. (17.5.11) below) 

Pic(F«) <g> Q p /Z p — > # X (F« W^J^ (1))lQg ) — > Br(F«) p . tors — > 0. 

Hence we see that the group (17.4.41) coincides with the image of i7 1 (F, H°(Y, Vy-ooi) U P to 
finite groups by the same computation as for Propo sition 17 . 3 . 2 1 ( 1 ) and the weight arguments 
in HCTSSL §2.2. Now we are reduced to showing 

dimQ pJ ff 2 (fc,i/ 1 (X,Q p (2))) > corank^F^F^IJ)) = corank (if 1 (F, E^ 1 ' 1 )), 

where the last equality follows from (17.4.51) . As is seen in Remark l7.3.10l the right hand side 
is equal to dim^(A eg) Q) under the condition T. On the other hand, by l|J2l . Corollary 7, the 
left hand side does not change when one replaces p with another prime p'. Thus the desired 
inequality follows from (|7.3.1 II) . This completes the proof of Lemma 17.2.11 and Theorem 
17X71 " □ 

7.5. Appendix to Section H Let Z be a proper smooth variety over a finite field F. For a 
positive integer m, we define the object Z/mZ(l) e D b (Z^, t , Z/mZ) as 

Z/mZ(l) := fi m > © (WrQl^i-l}) 

where we factorized m as m' ■ p r with (p, to/) = 1. There is a distinguished triangle of 
Kummer theory for G m := G m ,z in D b (Z 6t 



xm 



Z/toZ(1) ► G m G m ► Z/toZ(1)[1]. 

So there is a short exact sequence of Gp-modules 

— ► Pic(Z)/TO — > H 2 (Z, Z/toZ(1)) — ► m Br(Z) — ► 0, 
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where Z := Z®fF. Taking the inductive limit with respect to m > 1, we obtain a short 
exact sequence of Gp-modules 

(7.5.1) — ► Pic(F) ® Q/Z # 2 (Z, Q/Z(l)) — ► Br(Z) — ► 0. 

Concerning the arrow a, we prove the following lemma, which has been used in this section. 

Lemma 7.5.2. The map H 1 ^, Pic(Z) <g> Q/Z) -> F^F, # 2 (Z, Q/Z(l)) induced £y a to 
^zm'fe kernel. 

Proof. Note that Pic(Z) <g> Q/Z ^_(NS(Z)/NS(Z) tors ) <g> Q/Z. By a theorem of Matsusaka 
[MaJ, Theorem 4, the group Div(Z)/Div(Z) num is isomorphic to NS(Z)/NS(Z) tors , where 
Div(Z) denotes the group of Weil divisors on Z, Div(Z) num denotes the subgroup of Weil 
divisors numerically equivalent to zero. By this fact and the fact that NS(Z) is finitely gener- 
ated, there exists a finite family {Ci} ie j of proper smooth curves over F which are finite over 
Z and for which the kernel of the natural map NS(Z) -> 0- G/ NS(C ? i ) with C { := C { ® F F 
is torsion. Now consider a commutative diagram 

H\¥, NS(Z) <g> Q/Z) H\¥, H 2 (Z, Q/Z(l))), 



iEl H\¥, NS(C,) ® Q/Z) i6j H\¥, E\C % , Q/Z(l))). 

By a standard norm argument, one can easily show that the left vertical map has finite kernel. 
The bottom horizontal arrow is bijective, because Br(Cj) = for any i E I by Tsen's 
theorem (cf. ffSel . II. 3.3). Hence the top horizontal arrow has finite kernel and we obtain the 
assertion. □ 
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Appendix A. Relation with conjectures of Beilinson and Lichtenbaum 



In this appendix, the Zariski site Z Zar on a scheme Z always means (et/Z) Zar , and 
means the usual small etale site. Let k, p, S, 3£ and K be as in the notation[U8. 

A.l. Motivic complex and conjectures. Let Z(2) Zar = Z(2)% ar be the motivic complex 
on ^zar defined by using Bloch's cycle complex, and let Z(2) 6t be its etale sheafification, 
which are, by works of Levine ( ULelH . HLe210 . considered as strong candidates for motivic 
complexes of Beilinson-Lichtenbaum ( HBell . ULillO in Zariski and etale topology, respectively 
(see also flEE), EH). We put 

H* Zax (X, Z(2)) := H*^ X, Z(2) Zar ), HZ(&, Z(2)) := H^X, Z(2) ft ). 

In this appendix, we observe that the finiteness of H^ T (K, Q p /Zp(2)) is deduced from the 
following conjectures on motivic complexes: 

Conjecture A.l.l. Let e : J*Q t — > ^z ar be the natural continuous map of sites. Then : 

(1) {Beilinson-Lichtenbaum conjecture). We have 

Z(2) Zar r< 2 Re*Z(2) 6t in D{ JT Zar ). 

(2) {Hilbert's theorem 90). We have R 3 e*Z(2) 6t = 0. 

(3) {Kummer theory on 5£[p-% t ). We have (Z(2) ft )| j^-i] ® L Z/p r Z ~ //® 2 . 

This conjecture holds if is smooth over 5 by a result of Geisser HGelH . Theorem 1.2 and 
the Merkur'ev-Suslin theorem RMSI (see also HGL2H . Remark 5.9). 

Conjecture A.1.2. Let 7 2 be the canonical map 

7 2 : CH 2 («T) = ^(^,Z(2)) — H*{3?,Z{2)). 
Then the p-primary torsion part of Coker {'j 2 ) is finite. 

This conjecture is based on Lichtenbaum's conjecture [LIT] that Hf t [X, Z(2)) is a finitely 
generated abelian group (by the properness of X / S). The aim of this appendix is to prove 
the following: 

Proposition A.1.3. If Conjectures \A.l. l \and \A. 1 . 2] hold, then H^.{K, Q p /Z p (2)) is finite. 
This proposition is reduced to the following lemma: 

Lemma A.1.4. (1) If Conjecture IA.7.T1 holds, then for r > 1 there is an exact sequence 

-> Coker ( p rCH 2 (Jf) % p rH%{X,Z{2)) \ -> Hl{K,Z/p r Z{2)) Ker(f? 2 ) -> 0, 

where a r denotes the map induced by 7 2 an J £> 2 denotes the cycle class map 

g 2 r :CE 2 {X)/p r ^Ht t {X,1 r {2)). 

(2) Tjf Conjectures IA.7.TI anJ PQ721 /zo/J. ?/zen Coker (aQ p / Zp ) am/ Ker(^ ^ z ) are finite, 
where a Qp / Zp := lim r >i a r and £>Q p/Zp := lim r>1 g 2 . 

To prove this lemma, we need the following sublemma, which is a variant of Geisser's argu- 
ments in HGelH . §6: 



p-ADIC REGULATOR AND FINITENESS 45 

Sublemma A.1.5. PutZ/p r Z(2) 6t : = Z(2) 6t ® h Z/p r Z. IfConjecture\AJJ}holds, thenthere 
is a unique isomorphism 

Z/p r Z(2) 6t T r (2) in D(3? 6t , Z/p r Z) 

that extends the isomorphism in Coniecture \A.l.l\ (3). 

We prove S ublemma I A . 1 . 5 1 in §A.2l below and Lemma lA.1.4l in §A.3l below. 

A. 2. Proof of Sublemma IA.1.51 By Conjecture IA. 1.11 (3). we have only to consider the case 
where p is not invertible on S. Let us note that 

(*) Z/p r Z(2)<5t is concentrated in degrees < 2 

by Conjecture IA. 1 . 1 1 ( 1 ) and (2). Let V, Y, i and j be as follows: 

V := SC [p- 1 ] — ^ % ^— Y, 

where Y denotes the union of the fibers of 2£ j S of characteristic p. In etale topology, we 
define Rv and Rj* for unbounded complexes by the method of Spaltenstein [Spa] . We will 
prove 

(A.2.1) r< 3 RrZ/p r Z(2) 6t ~ 4, r [-3] in D(Y 6t , Z/p r Z), 

using (*) (see (S5) in §4. II for v Yr )- We ^ rst P rove Sublemma IA. 1 .51 admitting this isomor- 
phism. Since (Z(2)&) \v ® L Z/p r Z ~ ji®? by Conjecture I A. 1 . 1 1 (3). we obtain a distinguished 
triangle from (IA.2.11) and (*) 

UV^ [-3] ► Z/fZ(2) 6t > T< 2 Rj*/i®? ► ^^rh 2 ]- 



Hence comparing this distinguished triangle with that of (S5) in §4.11 we obtain the desired 
isomorphism in the sublemma, whose uniqueness follows from [SHJ, Lemmas 1 . 1 and 1 .2 (1). 

In what follows, we prove (IaXTT) . Put X := Z(2) Zar ® L Z/p r Z and jSf := Z/p r Z(2)^ t 
for simplicity. Let e : — > i£z ar be as in Conjecture I A. 1.11 In Zariski topology, we define 
Ri Zar and -Rjzar* for unbounded complexes in the usual way by the finiteness of cohomo- 
logical dimension. Because Jzf = e*J(f is concentrated in degrees < 2 by (*), there is a 
commutative diagram with distinguished rows in D b (^ t , Z/p r Z) 

e*JT T< 2 e*Rj Z3X *j* Zax J(r (r< 3 e*zzax*^L^)[l] * 



J? r< 2 Rj 6u j? t JZ> (T< 3 i,t*#4^)[l] ^ 

where the upper (resp. lower) row is obtained from the localization triangle in the Zariski 
(resp. etale) topology and the arrows a and (3 are canonical base-change morphisms. Since 
a is an isomorphism ([MS], US VII . HGL2I ). (5 is an isomorphism as well. Hence (|A.2.1I) is 
reduced to showing 

(A.2.2) r< 3 ffiL^ - er*4,r[-3] in D(Y Zar , Z/p r Z), 

where ey : Y& — > Y Zax denotes the natural continuous map of sites and we have used the base- 
change isomorphism e*2zar* — iet*£y 

dlGeTTl . Proposition 2.2(a)). Finally we show (IA.2.21) . 
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Consider the local-global spectral sequence in the Zariski topology 

E ^= R^i x ,{RiRi} Zax jfr) =► ir+^jr, 

where for x 6 Y, i x denotes the natural map x — > K. We have 

ze,r«nY iwC^T^n^ (if v = 2) 
(otherwise) 

by the localization sequence of higher Chow groups [Lei II and results of Geisser-Levine 
([GL1J, Proposition 3.1, Theorem 7.1), where for x 6 Y, e x denotes the natural continuous 
map Xet — > a^zar of sites. By this description of Ei-terms and the compatibility of boundary 
maps ( HGL2H . Lemma 3.2, see also lISzll . Appendix), we obtain (|A.2.2I) . This completes the 
proof of Sublemma lA.1.51 

A. 3. Proof of Lemma lA.1.41 (1) By Sublemma lA.1.5l there is an exact sequence 

— Hl{^Z{2))/f — /4(«fT,X r (2)) _^ ^(^,2(2)) _^ o. 
By Conjecture I A. 1 . 1 1 ( 1 ) and (2), we have 

Z(2)) ~ Hl T (^, Z(2)) ~ CH 2 (Jf, 1). 
Thus we get an exact sequence 

o— ►CH 2 (.r > i)/p r ■^ J ff| t (^r,x r (2)) -^#| t (,r,z(2)) — >o. 

On the other hand, there is an exact sequence 

— JV 1 f^(^r,X r (2)) — i4(Jf,S r (2)) — tf u 3 r (ir,Z/^Z(2)) — Ker(^) — 

which is a variant of (14.2.91) (see Lemma l4.2.3l for N 1 ). In view of the short exact sequence in 
Lemma l4.2.3l (l). we get the desired exact sequence. 

(2) By Conjecture I A. 1.11 (1) and (2), the map 7 2 in Conjecture lA.1.2l is injective. Hence we 
get an exact sequence 

— > Coker(a r ) — ► p ,Coker( 7 2 ) — ► CR 2 (%')/p r ^ H%,{SC, Z(2))/p r . 
Noting that the composite of 'y 2 /p r and the injective map 

obtained from S ublemma I A . 1 . 5 1 coincides with g 2 , we get a short exact sequence 

— ► Coker(a r ) — ► p rCoker( 7 2 ) — ► Ker(g 2 r ) — ► 0, 

which implies the finiteness of Coker(aQ p / Zp ) and Ke r(g 2 jp/Z p ) under Conjecture |A. 1 .21 This 
completes the proof of Lemma IA.1.41 and Proposition IA.1.31 □ 
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Appendix B. Zeta value of threefolds over finite fields 

In this appendix B, all cohomology groups of schemes are taken over the etale topology. 
Let X be a projective smooth geometrically integral threefold over a finite field ¥ q , and let K 
be the function field of X. We define the unramified cohomology if™ r +1 (K, Q/Z(n)) in the 
same way as in[T]8. We show that the groups 

H 2 UI (K, Q/Z(l)) = Br(X) and H^(K, Q/Z(2)) 

are related with the value of the Hasse-Weil zeta function ((X, s) at s — 2: 

(*(X,2) := \im((X,s)(l-q 2 ~ s y g2 , where g 2 := ord s=2 ((X,s). 

Let 

6 : CH 2 (X) — > Hom(CH 1 (X),Z) 
be the map induced by the intersection pairing and the degree map 

CH 2 (X) x CYL\X) — ► CH 3 (X) = CH (X) ^ Z. 

The map 9 has finite cokernel by a theorem of Matsusaka [MaJ, Theorem 4. We define 

m := |Coker(0)|. 

We prove the following formula (compare with the formula in HGe2ID : 

Theorem B.l. Assume that Br(X) and H^.(K, Q/Z(2)) are finite. Then (*(X, 2) equals the 
following rational number up to a sign: 

qX{XM . |g^Q/z(2))| ^ |CH2(X)0tors|( -ir . jj icH^^Otcl^ 4 , 

where CH 2 (X, i) and CH 1 (X, i) denote Bloch's higher Chow groups HB13I and x{X, @ x , 2) 
denotes the following integer. 

X {X, X , 2) := ]T(-iy +J (2 - i) dim Fg W{X, Q x ) (0 < % < 2, < j < 3). 

This theorem follows from a theorem of Milne ([Mi2J, Theorem 0.1) and Proposition HO 
below. For integers i, n > 0, we define 

H l (X,Z(n)) :=X[H\XMn)l 

all I 

where t runs through all prime numbers, and H l (X, Z p (n)) (p := ch(F g )) is defined as 

H\X,Z p (n)) := lim H^X, W r Q n Xtlog ). 

r>l 

Proposition B.2. (1) We have 

y (CH (X, % - 6) tors) = 6,7), 

where for an abelian group M, we put 

M* : = Hom(M, 
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Furthermore, CH 1 (X, j) t0 rs and CH 2 (X 

) J ) tors ore finite for any j > 0, and we have 
CR\X,j) toIS = for j > 2 and CR 2 (X,j) tovs = for j > 4. 

(2) Assume that Br(X) is finite. Then we have 

# 5 (X,Z(2)) tors ~Br(X)*, 

and the cycle class map 

CH 2 (X) <g> Z e — > # 4 (X, Ze(2)) 

has finite cokernel for any prime number £. 

(3) Assume that Br(X) and if 3 r (X, Q/Z(2)) are finite. Then the following map given by 
the cup product with the canonical element 1 G Z ~ i/ 1 (F g , Z) has finite kernel and 
cokernel: 

e 4 : # 4 (X,Z(2)) — > # 5 (X,Z(2)), 
and we have the following equality of rational numbers: 

|Ker(6 4 )| |ff 3 r (X,Q/Z(2))|-|CH 2 (X) tors | 
|Coker(e 4 )| |Br(X)|-^ 

Proof of Proposition \B. 21 (1) By standard arguments on limits, there is a long exact sequence 

> iP(X,Z(2)) --^i/ i (X,Z(2))® z Q^iJ i (X,Q/Z(2)) 

— ► iP +1 (X,Z(2)) — ► ■■■ . 
By ICTSS1 . p. 780, Theoreme 2, p. 782, Theoreme 3, we see that 

H*{X, Z(2)) and H\X, Q/Z(2)) are finite for i ^ 4, 5. 

Hence we have 

/T(X, Z(2)) ~ W-^X, Q/Z(2)) for i ^ 4, 5, 6. 
On the other hand, there is an exact sequence 

— ► CH 2 (X, 5 - i) <g> Q/Z — ► W-\X, Q/Z(2)) — ► CH 2 (X, 4 - i) tors — ► 

for i < 3 (ESI, dSYl, llGLTTl . llGOln . where CH 2 (X, 5 - i) <g> Q/Z must be zero because 
it is divisible and finite. Thus we get the isomorphism (IB.3I) for « < 3, the finiteness of 

CH 2 (X 

j j)tors for j ; > 1 and the vanishing of CH 2 (X, j) tors for j > 4. The finiteness of 
CH 2 (X,0) tors = CH 2 (X) tors (cf. HCTSSL p. 780, Theoreme 1) follows from the exact se- 
quence 

— > CH 2 (X, 1) ® Q/Z — > N l H 3 (X, Q/Z(2)) — > CH 2 (X) tors — > 
(cf. Lemma [3 .2 .21) . where we put 

X 1 i/ 3 (X,Q/Z(2)) := Ker(# 3 (X,Q/Z(2)) -> # 3 (X, Q/Z(2))). 
As for the case z = 6, 7 of (|B.3I) . we have 

iT(X,Z(2))* ^ i7 7 ^(X,Q/Z(l)) 
by a theorem of Milne [Mi2J, Theorem 1 . 14 (a). It remains to show 

CH^X, j) tors ~ iy 1 ^'(X,Q/Z(l)) for j > 0, 
which can be checked by similar arguments as before. 
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(2) We have H 5 (X, Z(2))* ~ H 2 (X, Q/Z(l)) and an exact sequence 

(B.4) — ► CH^X) ® Q/Z — ► # 2 (X, Q/Z(l)) — ► Br(X) — ► 0. 

Hence we have (H 5 (X, Z(2)) tors )* ~ Br(X), assuming Br(X) is finite. To show the second 
assertion for £ ^ ch(F g ), it is enough to show that the cycle class map 

CH 2 (X) ® Q E — > # 4 (X, Q,(2)) r 

is surjective, where -T := Gal(F 9 /F 9 ). The assumption on Br(X) implies the bijectivity of 
the cycle class map 

CR 1 (X)®Q e ^H 2 (X,Q i {l)) r 
by PTa2l . (4.3) Proposition (see also UMill . Theorem 4.1), and the assertion follow from 
[Ta2J, (5.1) Proposition. As for the case £ = ch(F g ), one can easily pursue an analogy using 
crystalline cohomology, whose details are left to the reader. 

(3) The finiteness assumption on Br(X) implies the condition SS(X, l,£) in [Mi2l for 
all prime numbers £ by loc. cit., Proposition 0.3. Hence SS(X, 2, £) holds by the Poincare 
duality, and e 4 has finite kernel and cokernel by loc. cit., Theorem 0.1. 

To show the equality assertion, we put 

CH 2 (X) := lim n > a CB. 2 {X)/n, 
and consider the following commutative square (cf. HMi3L Lemma 5.4): 

CH 2 (X) Hom(CH 1 (X), Z) 



H 4 (X, Z(2)) 1 H 5 (X, Z(2)), 

where the top arrow denotes the map induced by 9. The arrow a denotes the cycle class 
map of codimension 2, and (3 denotes the Pontryagin dual of the cycle class map with Q/Z- 
coefficients in (IB.4I) . The arrow a is injective (cf. (14.2.91 )) and we have 

|Coker(a)| = |F u 3 r (X,Q/Z(2))| 

by the finiteness assumption on H^ r (K, Q/Z(2)) and (2) (cf. Proposition l4.2.1 ll) . The arrow 
(3 is surjective and we have 

Ker(/3) = # 5 (X, Z(2)) tors ~ Br(X)*, 

by Milne's lemma ( llMBl Lemma 5.3) and the isomorphism CH^X) ® Z ~ H 2 (X, Z(l)) 
(cf. HTa2l . (4.3) Proposition), where we have used again the finiteness assumption on Br(X). 
Therefore in view of the finiteness of Ker(e 4 ), the map has finite kernel and we obtain 

Ker(0) = CH 2 (X) tors = CH 2 (X) tors , 

where we have used the finiteness of CH 2 (X) tors in (1). Finally the assertion follows from 
the following equality concerning the above diagram: 

|Ker(0)| |Ker(q)| |Ker(e 4 )| |Ker(/?)| 
|Coker(6>)| ~ |Coker(a)| ' |Coker(e 4 )| ' |Coker(/3)| 
This completes the proof of Proposition IB .21 and Theorem IB. 1[ □ 
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